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1 Introduction
Studying the properties of matter in the framework of quantum mechanics has been a main concern 
of physics and chemistry since the early 20th century. Problems in quantum chemistry usually 
involve finding approximate solutions to the Schrödinger equation, which describes the behavior of 
a system’s electronic wavefunction. Methods like Kohn-Sham Density Functional Theory (DFT), 
Hartree-Fock Theory (HF), Coupled Cluster (CC) methods, Many Body Perturbation Theory 
(MBPT) and many others have been developed that provide solutions in the context of different 
approximations of the wavefunction or the Hamiltonian operator1,2.

The invention and steady improvement in the field of computerized numerics has highly accelerated 
the progress made in theoretical quantum chemistry. Recent reviews3 show that computations 
involving many thousands of atoms are now attainable using DFT. Wavefunction-based methods 
that consider electronic correlation effects on the other hand become impractical for much smaller 
systems, due to the size of the integrals needed to model the electron-electron interactions. These 
Electron Repulsion Integrals (ERIs) exhibit steep polynomial growth with the system’s number 
of basis functions, which means that storing the full two-electron repulsion integral for the largest 
system considered in this work (3,528 basis functions) would need ≈ 140 TiBF.1 of system memory.

While these integrals are difÏcult to avoid, some calculations might not need their full information 
content when used on specific kinds of chemical systems. Therefore, researchers developed methods 
like Density Fitting (DF)4,5, the Tensor Hypercontraction (THC)6,7 or the CANDECOMP/
PARAFAC Decomposition (CPD)8 that project them into a lower dimensional space. This allows 
approximate computations for system sizes that would otherwise be costly or entirely intractable 
on current hardware. Those methods derive from various techniques developed in the field of low-
rank tensor approximations.

Unfortunately, the research field of low-rank ERI representations is fractured. The existing solu
tions are scattered throughout different quantum chemistry codes and benchmarked in ways that 
do not allow a fair comparison. This is especially true for the THC method-family where multiple 
derivations have been proposed, but no single approach or stable implementation dominates. 
This is contrasted by DF, which is well-established in the literature and has seen wide adoption 
in production software, and the CPD, whose direct application to the ERI remains limited by 
computational inefÏciency and non-linear convergence challenges.

In this thesis we will therefore establish a theoretical foundation and unified notation (Section 2, 
Section 3 and Section 4); construct a reference implementation of five distinct ways to build 
the THC (Section 5); benchmark those implementations on a unified set of molecular systems 
(Section 6) and discuss the results (Section 7). With this work, we hope to aid future developments 
in this area of research by improving clarity and accessibility, providing a solid platform for the 
rigorous evaluation of next-generation approximation methods.

F.1Assuming a scaling of 𝑁4basis with 8-fold permutational symmetry and double precision floating point numbers.
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2 Tensor decompositions
A main concern of the field of linear algebra in computer science is analyzing properties of tensors. 
The notion of what a tensor is as well as most of the notation used in this thesis, follows the work 
of Kolda, T. G.; Bader, B. W. 9, which provides an exceptional overview over the field of tensor 
decomposition and is often referenced throughout literature6,10–12. In the context of this thesis 
tensors are viewed as multidimensional arrays of numbers that can be used to model connections 
between other algebraic objects. This should be distinguished from tensors in the theory of 
relativity, which provide more structure and are referred to by some mathematicians as “tensor-
fields”. Every tensor can have 0 to 𝑁  dimensions, which are referred to as orders or modes. While 
order-0 tensors are just scalar values, order-1 tensors are called vectors and order-2 tensors are 
called matrices. For any higher-order tensor, the dimensionality will be explicitly stated (order-3, 
order-4 …).

2.1 Fundamental Tensor Operations
Since operations including tensors up to order-2 are well studied we will take all standard operations 
(e.g., scalar-, vector- and matrix products, inner- and outer-products, transposes, the inverse, 
orthogonality…) as given as far as they are covered in books meant for teaching such as the ones 
by Axler, S. 13 and Strang, G. 14. The study of higher order tensors usually involves some more 
complex operations which we will now introduce.

Tensor contractions can be viewed as a generalization of matrix-multiplicationF.2 that merge 
an order-𝑁  tensor with another of order-𝑀 . If the order is finite (if we do not consider the case 
of a generic tensor), the dimensions can be named and added as indices (𝑻𝑎𝑏𝑐𝑑 would describe 
an order-4 tensor). In this thesis we will mostly be confronted with finite dimensional tensors 
and therefore use the Einstein summation convention, which simplifies tensor-tensor contractions 
like 𝑹𝑐𝑑 = ∑𝑎𝑏 𝑻𝑎𝑏𝑐𝑑𝑴𝑎𝑏 by omitting the summation sign making summation over shared indices 
implicit. In this way the given formula can be shortened to 𝑹𝑐𝑑 = 𝑻𝑎𝑏𝑐𝑑𝑴𝑎𝑏. In some cases we 
will use explicit sums, if contractions are carried out partially. As a convention all tensors of order-2 or higher will be denoted by bold font capital letters, while vectors will be written in bold-font 
lower-case and scalars will be marked by lower-case letters. Note that upper- or lower indices do 
not denote covariance and contravariance as is customary in the theory of relativity.

Unfolding describes the process of re-arranging a given tensor 𝑻  into a different shape. This 
process is also called matricization since it can be used to convert a higher order tensor into a 
matrix. A special case is the “mode-𝑛” unfolding in which a given mode of a tensor 𝑻  is used 
to form the columns of a matrix. In that spirit the tensor 𝑻𝑎𝑏𝑐 ∈ ℝ3×4×4 has a mode-1 unfolding 
matrix denoted 𝑻(1) or 𝑻 𝑎𝑏𝑐 with 𝑻(1) ∈ ℝ3×(4⋅4=16). (2.1)
The Hadamard product of two tensors of the same order is defined as the element-wise product 
of their respective dimensions. For order-2 tensors 𝑨, 𝑩 ∈ ℝ𝑚×𝑛 this means that

F.2We acknowledge that in some contexts “contraction” only refers to operations that reduce the order of the input 
object. We will however use contraction to refer to any multiplication and summation operation on two tensors that 
yield another tensor.
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𝑨 ∗ 𝑩 = [ 𝑎11𝑏11⋮𝑎𝑚1𝑏𝑚1
…⋱… 𝑎1𝑛𝑏1𝑛⋮𝑎𝑚𝑛𝑏𝑚𝑛]. (2.2)

Note that the field over which the tensors are defined is not necessarily restricted to the real 
numbers ℝ, but can in theory be any other field such as the complex numbers ℂ.

The Kronecker product of two tensors 𝑨 ∈ ℝ𝑖×𝑗 and 𝑩 ∈ ℝ𝑘×𝑙 is defined as

𝑨 ⊗ 𝑩 = [𝑎11𝑩⋮𝑎𝑚1𝑩 𝑎12𝑩⋮𝑎𝑚2𝑩 …⋱… 𝑎1𝑛𝑩⋮𝑎𝑚𝑛𝑩] (2.3)
where 𝑎11𝑩 denotes the scalar-matrix product.

The face-splitting or Khatri-Rao product of two tensors 𝑨 ∈ ℝ𝑖×𝑘 and 𝑩 ∈ ℝ𝑗×𝑘 is defined as 
the matching, column-wise Kronecker product of 𝑨 and 𝑩𝑨 ⊙ 𝑩 = [𝒂1 ⊗ 𝒃1 … 𝒂𝑘 ⊗ 𝒃𝑘]𝑇 . (2.4)
Additionally, the symbol ∘ is used to denote the outer product. This means an order-3 tensor 𝑻  
can be constructed from vectors 𝒂, 𝒃, 𝒄 like𝑻𝑎𝑏𝑐 = 𝒂 ∘ 𝒃 ∘ 𝒄. (2.5)
2.2 Tensor Decompositions
The field of linear algebra is broad and dates back many decades. While the term “matrix” was 
coined in 1848, the interest in studying their numerical properties increased drastically after World 
War II with the advent of modern computers. Since then, many ways of gathering information 
about a given tensor by means of decomposing it were developed15. Tensor decomposition 
techniques usually try to express a tensor 𝑨 as a contraction of other tensors, which possess 
some known properties. By studying those component tensors, insights might be gained about the 
structure of 𝑨. This chapter will try to outline some tensor decompositions and their computational 
properties. As there are many techniques for decomposing different classes of tensors, we do not 
aim to provide a holistic analysis of the field, but present only some selected approaches that 
will be useful in Section 4. Also, we will not comprehensively outline all the ways to compute 
those decomposition methods, but only sketch the most prominent ones which are employed in 
the software libraries used in this thesis.

Strang, G. 14 lists the rank of a matrix as one of the central ideas in linear algebra and defines 
it as the “[…] count of genuinely independent rows in a matrix 𝑨” and the “[…] dimension of the 
column space [of 𝑨]”. A matrix 𝑨 ∈ ℝ𝑚×𝑛 is full-rank if rank(𝑨) = min{𝑚, 𝑛} and rank-deficient 
if rank(𝑨) < min{𝑚, 𝑛}. When viewing 𝑨 as a geometric transformation acting on a vector 𝒙 
its rank determines whether 𝒙 retains its full dimensionality. In the case of a rank-deficient 𝑨, 
the transformation 𝑨𝒙 will collapse 𝑛 − rank(𝑨) dimensions of 𝒙 to 𝟎. The idea of a low-rank 
approximation of 𝑨 is to find a matrix 𝑨̂ with rank(𝑨̂) < rank(𝑨) that, retains most of the 
transformational properties of 𝑨 such that 𝑨̂𝒙 ≈ 𝑨𝒙.

This intuitive notion of rank does not transfer to tensors of order > 2. Kolda, T. G.; Bader, B. W. 
9 defines the rank of a generic tensor 𝑻  as the minimal number of rank-one tensors that generate 𝑻  as their sum. A rank-one tensor construction is shown in Eq. (2.5). We will elaborate further on 
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the concept of tensor-rank in Section 2.7. The main problem with ranks of higher order tensors is 
that there is no straightforward way to compute them. In fact, it is proven to be NP-hard, which 
means that we might not be able to determine the correct rank in polynomial time and that even 
checking if a given answer is correct might not be possible in polynomial time depending on the 
chosen field16.

In the following sections we will explore different method of analyzing tensors that lead to ways 
of constructing low-rank approximations.

2.3 Eigen-, Schur- and Singular Value Decomposition
When analyzing order-2 tensors, a powerful tool to gain insight about the transformational 
properties of the matrix is given by analyzing its eigenvalues and eigenvectors. The eigenvectors can 
be thought of as spanning a space that the matrix projects vectors on to, whereas the eigenvalues 
tell us how much a vector is “stretched” or “rotated” along each (real- or complex) eigenvector.

Eigen-decomposition: The spectral theorem states that every real, symmetric matrix 𝑨 is 
similar (has the same eigenvalues) to a diagonal matrix, so it can be decomposed into𝑨 = 𝑸𝑇 𝚲𝑸 (2.6)
where the columns of 𝑸 are the orthogonal eigenvectors and 𝚲 is a diagonal matrix containing 
the eigenvalues of 𝑨. In the complex case where 𝑨 is hermitian, 𝑸 is usually called 𝑼  and is a 
unitary matrix.14

Schur-decomposition: Although originating in group theory, Schur’s lemma implies that any 
square matrix 𝑨 ∈ ℝ𝑛×𝑛 can be decomposed into an orthogonal matrix 𝑼  and an upper triangular 
matrix 𝑻 , which holds the eigenvalues of matrix 𝑨 on its diagonal𝑨 = 𝑼𝑻𝑼𝑇 . (2.7)
Singular Value Decomposition: Another decomposition similar to the eigendecomposition can 
be found for any matrix (not just square matrices) if 𝑸 is allowed to differ from 𝑸𝑇 . The Singular 
Value Decomposition (SVD) of a matrix 𝑨 ∈ ℝ𝑚×𝑛 with rank(𝑨) ≤ min{𝑚, 𝑛} is usually written 
as 𝑨 = 𝑼𝚺𝑽 𝑇 (2.8)
where 𝑼 ∈ ℝ𝑚×𝑚, 𝑽 ∈ ℝ𝑛×𝑛 and 𝚺 ∈ ℝ𝑚×𝑛14. If we suppose that 𝚺 is diagonal and holds the 
square roots of the eigenvalues and that 𝑼  and 𝑽  are distinct but still orthogonal, we can 
reconstruct Eq. (2.6) for the square positive-semidefinite (psd) matrix 𝑨𝑇 𝑨𝑨𝑇 𝑨 = (𝑼𝚺𝑽 𝑇 )𝑇 (𝑼𝚺𝑽 𝑇 )= 𝑽 𝚺𝑇 𝑼𝑇 𝑼𝚺𝑽 𝑇= 𝑽 (𝚺𝑇 𝚺)𝑽 𝑇 . (2.9)
The elements on the diagonal of 𝚺 are called singular values of matrix 𝑨 and are usually denoted 
as 𝜎𝑖.14

As stated in the Eckart-Young-Mirsky theorem17, the SVD provides the optimal low-rank approx
imation in any unitarily invariant norm (like ‖.‖𝐹  or ‖.‖2). Therefore, the matrix 𝑨̂ resulting from 
the truncated SVD
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𝑨 = 𝑼𝚺𝑽 𝑇 = [𝑼1 𝑼2][𝚺10 0𝚺2][𝑽1 𝑽2]𝑇𝑨̂ = 𝑼1𝚺1𝑽 𝑇1 (2.10)
where (Σ)1 ∈ ℝ𝑘×𝑘, will be the best rank-𝑘 minimizer of the problem18arg min𝑨̂ ‖𝑨 − 𝑨̂‖. (2.11)
Another main application for the SVD lies in computing the generalized inverse of singular 
matrices. When viewed from a geometric perspective, a singular transformation matrix 𝑨 collapses 
one or multiple of the dimensions of 𝒙 when acting on it. A proper matrix inverse can not exist, 
since the information of this dimension is mapped to 𝟎. A way to still construct a “weaker” form 
of inverse matrix called Moore-Penrose pseudoinverse 𝑨+ is given by𝑨 = 𝑼𝚺𝑽 𝑇 ⇒ 𝑨+ = 𝑽 𝚺+𝑼𝑇 (2.12)
where 𝚺+ denotes the reciprocal of the diagonal matrix 𝚺 containing the singular values. This 
pseudoinverse can be shown to possess properties close to a proper inverse14.

2.4 QR Decomposition
The QR Decomposition of a matrix 𝑨 ∈ ℝ𝑚×𝑛 with 𝑚 ≥ 𝑛 is the factorization into two component 
matrices 𝑸 ∈ ℝ𝑚×𝑚 and 𝑹 ∈ ℝ𝑚×𝑛 such that𝑨 = 𝑸𝑹 (2.13)
where 𝑹 is upper triangular. If 𝑚 = 𝑛 and 𝑨 ∈ ℝ then 𝑸 is orthogonal (𝑸𝑇 𝑸 = 𝑸−1𝑸 = 𝕀). In 
the complex case 𝑸 is unitary. The columns of 𝑸 form an orthonormal basis for the geometrical 
space spanned by 𝑨. If we require that 𝑹𝑖𝑖 ≥ 0 the decomposition is unique. A detailed description 
of the properties and uses of the QR Decomposition can be found in Goodall, C. R. 19. In this 
chapter we will mainly focus on the case of real, symmetric matrices.

There are many algorithms that compute the QR Decomposition. They offer different tradeoffs in 
terms of efÏciency and numeric stability. We will now outline some of them.

Strang, G. 14 shows how to derive the QR decomposition from the Gram-Schmidt procedure. In 
algorithm given some vectors 𝒂, 𝒃, 𝒄 that span a space in ℝ3, we compute the vectors 𝒒1, 𝒒2, 𝒒3F.3 
such that they are orthonormal ‖𝒒𝑖‖ = 1𝒒𝑇𝑖 𝒒𝑗 = 0. (2.14)
This can be achieved by sequentially projecting the input vectors into the space spanned by the 
already computed orthonormal vectors and normalizing them

F.3This procedure also extends to problems with more than three vectors.
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𝒒1 = 𝒂‖𝒂‖𝒒2 = 𝒃 − (𝒒𝑇1 𝒃)𝒒1‖𝒃 − (𝒒𝑇1 𝒃)𝒒1‖𝒒3 = 𝒄 − (𝒒𝑇1 𝒄)𝒒1 − (𝒒𝑇2 𝒄)𝒒2‖𝒄 − (𝒒𝑇1 𝒄)𝒒1 − (𝒒𝑇2 𝒄)𝒒2‖. (2.15)
The matrix can then be factored into

𝑨 = [𝒂 | 𝒃 | 𝒄] = [𝒒1 | 𝒒2 | 𝒒3][
𝒒𝑇1 𝒂 𝒒𝑇1 𝒃𝒒𝑇2 𝒃 𝒒𝑇1 𝒄𝒒𝑇2 𝒄𝒒𝑇3 𝒄] = 𝑸𝑹. (2.16)

Although this process is easy to understand and implement, it is numerically unstable due to 
rounding errors that accumulate quickly in the process of calculating the 𝒒 vectors. This issue can 
be mitigated by modifying the Gram-Schmidt procedure, or by using another construction method 
like Givens rotations or Householder transformations19,20.

The Householder transformation of a given vector 𝒗 can be represented by a matrix𝑯 = 𝕀 − 2𝒗𝒗𝑇𝒗𝑇 𝒗 (2.17)
that if multiplied with a vector 𝒙 can be geometrically interpreted as reflecting 𝒙 over the 
hyperplane spanned by 𝒗. Since a reflection can be applied twice to yield the original vector the 
Householder matrix is orthogonal.

To explain the Householder QR algorithm we define 𝑨 ∈ ℝ𝑚×𝑛 and an orthogonal 𝑸 ∈ ℝ𝑚×𝑛 
such that 𝑨 = [𝒂1 | 𝒂2 | … | 𝒂𝑛]𝑸 = [𝒆1 | 𝒆2 | … | 𝒆𝑛]. (2.18)
The strategy is to use Householder transformations to reflect the column 𝒂1 onto the orthogonal 
columns 𝒆1, which will produce a vector of the form 𝒂′1 = [𝑎′11 0 0 … 0]𝑇 . To calculate this 
projection, we can use geometric reasoning and find the formula for the 𝒗 vector of our Householder 
transformation 𝒂′1 = (𝕀 − 2𝒗𝒗𝑇 )𝒂𝒗 = − 𝒃‖𝒃‖𝒃 = 𝒂 − (−sign(𝒂11))‖𝑎‖𝒆1

(2.19)
which lets us compute the first iteration Householder matrix𝑸(1) = 𝕀 − 2𝒗𝒗𝑇 . (2.20)
Applying this orthogonal matrix on 𝑨 yields
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𝑸(1)𝑨 = 𝑨(1) = [𝑎′1100 𝑎′12𝑎′22⋮ …… 𝑎′1𝑖𝑎′2𝑖⋮ ] = [𝒂′110 𝑨′12𝑨′22]. (2.21)
We now iterate this scheme with the submatrix 𝑨′22, which results in another smaller Householder 
matrix 𝑸(2) which we need to bring into the same form as 𝑸(1) by “embedding” it into the identity 
matrix 𝑸′(2) = [10 0𝑸′(2)]. (2.22)
We now embed the resulting matrix 𝑨(2) into the original 𝑨. This scheme is iterated until all 
entries in 𝑨 are processed, resulting in𝑨 = (𝑸(1)𝑸′(2)…𝑸′(𝑛))⏟𝑸 𝑨(𝑛)⏟𝑹 (2.23)
where all 𝑸(𝑛) are Householder matrices and 𝑨(𝑛) is upper triangular and the columns in 𝑨 were 
reflected on the orthogonal 𝒆 columns. This process is numerically more stable than the Gram-
Schmidt procedure since the only repeated action is the application of the Householder orthogonal 
transformation. This procedure is implemented by standard software libraries like LAPACK21 and 
can be computed in ≈ 𝑚𝑛2 operations19,22.

Despite its simplicity, the QR Decomposition is a widely used tool in linear algebra. The QR 
Decomposition is useful especially for solving Least Squares (LS) problems, since many sub-
problems that involve pseudoinversion can be computed more efÏciently and in a numerically stable 
fashion using the triangular and orthogonal 𝑹 and 𝑸 matrices19.

A historically important application for the QR decomposition is computing the eigenvalues of a 
dense matrix. First devised by Francis, J. G. F. 23, the QR eigenvalue algorithm exploits the fact 
that the matrix 𝑹 computed by the QR decomposition is similar to the matrix 𝑨 as the factored 
out 𝑸 is orthogonal and therefore purely “rotational”. Given a real matrix 𝑨(1), the algorithm 
computes the QR decomposition 𝑨(1) = 𝑸(0)𝑹(0). (2.24)
Next, we can reverse the order of the products to reconstruct a formula similar to the Schur 
decomposition defined in Eq. (2.7)𝑨(1) = 𝑸(0)𝑹(0) = 𝑸(0)𝑇 𝑨(0)𝑸(0). (2.25)
If this process is repeated with the newly constructed 𝑨(1) matrix𝑨(𝑘+1) = 𝑸(𝑘)…𝑸(0)⏟𝑼 𝑨(𝑘)𝑸(0)𝑇 …𝑸(𝑘)𝑇⏟𝑼𝑇 (2.26)
it can be shown that under a set of assumptions 𝑨 and 𝑼  will converge to the Schur decomposition. 
This algorithm is simple to implement and very elegant, but seldomly used in practice since a costly 
QR decomposition is needed for each iteration. Instead, in the stable implementation provided by 
LAPACK21, the matrix is first reduced to a tridiagonal form, i.e., only some diagonals alongside the 
main diagonal contain values. This is done by a sequence of Householder transformations. From this 
tridiagonal matrix the eigenvalues and eigenvectors can be computed with fewer computations (but 
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still in �혵(𝑛3) formal complexity) using the Divide and Conquer algorithm24 devised by Cuppen, 
J. J. M. 25.

In the case that 𝑨 is rank-deficient or close to it, the QR decomposition can be used in its “pivoted” 
form to gain insight about the numeric rank of 𝑨 by assessing the amount of singular values in 𝑨 
greater than a tolerance value 𝜀. This is crucial to construct low-rank approximations of 𝑨. The 
pivoted form of the QR decomposition is written as𝑨𝚷 = 𝑸𝑹 (2.27)
where 𝚷 is a permutation matrix. One of most widely used ways to find the correct permutation 𝚷 
was suggested by Businger, P.; Golub, G. H. 26. In their variant of the Householder QR algorithm, 
they identify the column in the submatrix 𝑨′(𝑚) from Eq. (2.21) which would maximize the new 
diagonal element in 𝑨(𝑚) and move that column to the front of the submatrix. This can be done 
by searching for the remaining column with the biggest euclidean norm, which unfortunately leads 
to high computational complexity and high communication cost on large matrices27. In this way, 
we can construct a low-rank representation of 𝑨, by choosing an 𝜀 and partitioning the result of 
the QR decomposition such that𝑨𝚷 = [𝑸1 𝑸2][𝑹110 𝑹12𝑹22] [𝑹22]11 < 𝜀. (2.28)
Since the pivoting moved all linearly independent columns to the upper left quadrant, an approx
imation of 𝑨 can be constructed using𝑨 ≈ 𝑸1[𝑹11 𝑹12]𝚷𝑇 . (2.29)
Although this version of QR with Column Pivoting (QRCP) is widely used and numerically stable, 
its added 𝑛2 operations incurred in the column pivoting makes the approach too costly for most 
big matrices27. Therefore, many publications in the last decades have focused on improving this 
process in many ways.

More recent publications are concerned with using randomized projections to reduce the row-count 
of tall matrices, thus speeding up the pivot selection27,28. Others made the algorithm better suited 
for optimization by implementing them with block-wise operations29. Some explored distributing 
the computation on multi-node systems, providing means for higher parallelization and better 
usage of computer memory30 or employed low-level optimization on modern CPUs to speed up 
calculations31.

2.5 Cholesky Decomposition
The Cholesky Decomposition (CD) is a powerful technique to represent a square, symmetric, 
positive definite (i.e., with strictly positive eigenvalues) matrix 𝑨 ∈ ℝ𝑚×𝑚 as𝑨 = 𝑳𝑳𝑇 (2.30)
where 𝑳 ∈ ℝ𝑚×𝑚 is a triangular matrix. For complex matrices, instead of transposing 𝑳, the 
conjugate transpose 𝑳† is used. Analogous to the QR Decomposition, the CD can be computed 
by a simple recursive scheme on 𝑨.14𝑨 can be partitioned into quadrants
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𝑨 = [𝑎11𝒂21 ⋆𝑨22] = [𝜆11𝒍21 0𝑨22][𝜆11𝒍21 0𝑨22]𝑇 = [ 𝜆211𝜆11𝒍21 ⋆𝒍21𝒍𝑇21 + 𝑳22𝑳𝑇22] (2.31)
where the ⋆ symbol marks a submatrix that we do not have to calculate. From this description, 
we can derive expressions for 𝑳 in terms of 𝑨𝑨 = [𝑎11 = 𝜆211𝒂21 = 𝜆11𝒍21 ⋆𝑨22 = 𝒍21𝒍𝑇21 + 𝑳22𝑳𝑇22]⇒ 𝑳 = [𝜆11 = √𝑎11𝒍21 = 𝒂21𝜆11

⋆𝑳22 = Chol(𝑨22 − 𝒍21𝒍𝑇21)]. (2.32)
From this expression it becomes clear that the diagonal elements of 𝑨 have to be positive as 
we have to compute 𝜆11 = √𝑎11. This is true for positive definite matrices, by Sylvester’s law of 
inertia14. Also Eq. (2.32) already reveals that the CD can offer computational benefits over the 
QR Decomposition: The QR algorithm needs to compute a (𝑛 − 𝑘 + 1)2 Householder matrix in 
the 𝑘th iteration and apply it to the 𝑨′(𝑘) lower-right submatrix, giving𝑨′(𝑘+1) = (𝕀 − 2𝒗𝒗𝑇 )𝑨′(𝑘) = 𝑨′(𝑘) − 2𝒗(𝒗𝑇 𝑨′(𝑘)) = 𝑨′(𝑘) − 2𝒗𝒘𝑇 (2.33)
which leads to a similar update as the 𝑨22 − 𝒍21𝒍𝑇21 update in the Cholesky algorithm, but involves 
one additional matrix-vector product.

To understand the usefulness of the CD in computing low-rank approximations, we need to consider 
the case when 𝑨 is only positive-semidefinite. We can encounter diagonal entries 𝑎𝑖𝑖 = 0, which 
would lead to division by zero in the computation of the off-diagonal elements 

𝒂𝑗𝑖√𝑎𝑖𝑖 . Since this 
computation is not possible, we need to introduce a column pivoting similar to the pivoted QR 
algorithm 𝚷𝑨𝚷𝑇 = 𝑳𝑳𝑇 . (2.34)
As many applications in science involve symmetric interactions, which can be close to zero (e.g., 
gravitational forces between bodies, the coulomb interaction of particles etc.) the pivoted CD is 
useful in many applications in the natural sciences. If we assume that 𝑨 has at least one diagonal 
entry 𝑎𝑖𝑖 > 0, we can modify the algorithm in Eq. (2.32) such that in each iteration, we use the 
maximum element of diag(𝑨22) as a pivot and swap it to the front. As outlined by Harbrecht, H.; 
Peters, M.; Schneider, R. 32, this greedy-approach produces a rank-𝑘 approximation 𝑨̂ in 𝑘2 ⋅ 𝑛 
operations where 𝑘 is the numerical rank of 𝑨̂. The procedure is outlined in Algorithm 1, which 
performs the pivoted cholesky algorithm row-by-row while using the trace of the residual 𝑨22 as 
measure of error. This allows the user to define a rigorous error bound by defining one parameter.

Algorithm 1 also reveals the second computational advantage of the CD over QRCP: In addition 
to the diagonal, we only ever need to access one row of 𝑨 per iteration. Both take 𝑛 operations 
to compute. If we assume that our numerical rank 𝑘 ≪ 𝑛 and that we can calculate rows of 𝑨 on 
the fly, the algorithm only uses (𝑛 ⋅ 𝑘) memory instead of the full 𝑛2 that would be needed by the 
naive implementation.

The pivoted Cholesky Decomposition has found recent adoptions in the field of machine learning, 
where practitioners often employ so-called kernel methods. A kernel defines a metric or similarity 
measure on a given set of data point’s and can be used to approach interpolation, regression and 
clustering problems. As the kernel matrix describes a distance measure, it must be symmetric and 
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Algorithm 1:  Row-wise PivotedCholesky with trace error minimization

1: procedure PivotedCholesky(𝑨 ∈ ℝ𝑛×𝑛, 𝜀 > 0) 
2: 𝒅 ← diag(𝑨)
3: 𝑭  ← 𝟎 ∈ ℝ𝑛×𝑛
4: err ← ∑|𝒅|
5: 𝝅 ← (1, 2, …, 𝑁)
6: 𝑚 ← 1
7: while (𝑚 ≤ 𝑛) ∧ (𝜀 ≤ err) do
8: 𝑠𝑖 ← select a pivot from 𝒅𝝅(𝒎:𝒏) ▷ 𝜋(𝑚) denotes 𝜋𝑚
9: 𝜋𝑚, 𝜋𝑖 ← 𝜋𝑖, 𝜋𝑚 ▷ Swap the new pivot to the cursor
10: 𝑭𝑚,𝜋(𝑚) ← √𝑠𝑖 ▷ Calculate the diagonal element
11: 𝒄 ← 𝜋(𝑚 + 1 : 𝑛) ▷ The remaining columns
12: 𝑭𝑚,𝒄 ← [𝑨𝜋(𝑚),𝒄 − 𝑭:𝑚,𝜋(𝑚)𝑭 𝑇:𝑚,𝒄]/𝑭𝑚,𝜋(𝑚) ▷ Update 𝑭  with the cholesky vectors
13:
14: 𝒅 ← 𝒅 − [𝑭𝑚,𝒄]2 ▷ Correct remaining diagonal
15: err ← ∑ 𝒅𝒄 ▷ Update error with residual trace
16: end
17:
18: return 𝑭 , 𝝅
19: end

positive-semidefinite. Since computing those matrices also scales quadratically with the size of the 
dataset, finding low-rank substitutes is highly desirable. Therefore, a multitude of improvements 
and optimizations for the CD algorithm was suggested by researchers33–36.

A topic that has often been discussed in the literature is the pivot selection mechanism. The 
mentioned greedy approach makes the assumption that the diagonal size is a good indicator for 
whether the column will substantially minimize the trace error. This is not necessarily true for 
all matrices, which led to the suggestion of uniform random sampling on the diagonal37. It was 
shown by Chen, Y.; Epperly, E. N.; Tropp, J. A.; Webber, R. J. 33 that the uniform sampling 
and the greedy approach are different ends of a spectrum. If we think about pivot finding as 
sampling the diagonal using a Gibbs-distribution with differing temperature parameters, the greedy 
approach represents zero temperature while uniform sampling would have infinite temperature. The 
researchers developed the Randomly Sampled Cholesky (RPCholesky) algorithm that represents a 
middle ground by drawing the new pivot from a probability distribution over the current residual’s 
diagonal ℙ{𝑠𝑖 = 𝑗} = 𝑨(𝑖−1)𝑗,𝑗tr 𝑨(𝑖−1) . (2.35)
This new pivoting strategy is easy to integrate into Algorithm 1. The probability distribution 
can be computed like from ℙ = 𝒅𝜋(𝑚:)/(∑ 𝒅𝜋(𝑚:)). For drawing a pivot, we can then employ any 
random sampling function from the numerical computation library in use. RPCholesky was shown 
to accelerate a multitude of kernel methods and to converge with almost optimal speed. The 
authors also provide the outline for a blocked version of the algorithm, which can be used to 
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maximize CPU utilization. By sampling a set of pivots (size 𝑏) and using the full block to project 
out the associated columns.

Another improvement idea was put forward by Epperly, E. N.; Tropp, J. A.; Webber, R. J. 36. The 
researchers observed that on certain datasets the blocked RPCholesky can still fail to minimize 
the trace error fast enough, which leads to a bigger 𝑘 than could be achieved with standard 
RPCholesky. Based on this finding, the authors propose to add another sampling step on a selected 
pivot block, where all pivots in a block will be assigned a lower acceptance probability if they 
would be redundant after application of the already accepted pivots. This algorithm was named 
accelerated RPCholesky.

2.6 Interpolative Decomposition
The Interpolative Decomposition (ID) is yet another way to decompose a matrix 𝑨 into two 
matrices that offers some unique benefits when compared with the previously discussed approaches. 
The goal in the ID is to represent 𝑨 ∈ ℝ𝑚×𝑛 as𝑨 = 𝑪𝒁 (2.36)
where 𝑪 ∈ ℝ𝑚×𝑘 and 𝒁 ∈ ℝ𝑘×𝑛. The following additional restrictions have to hold:

• All 𝑘 columns of 𝑪 are a subset of 𝑨.
• Some 𝑘 × 𝑘 subset of 𝒁’s columns forms the identity 𝕀 ∈ ℝ𝑘×𝑘.
• All absolute values in 𝒁 are smaller than 2: |𝒁𝑖𝑗| < 2.

The problem can also be formulated row-wise, by just considering 𝑨𝑇 . To give a less abstract 
description, consider 𝑨 ∈ ℝ3×3 where rank(𝑨) = 2

𝑨 = [𝑎11𝑎21𝑎31
𝑎12𝑎22𝑎32

𝑎13𝑎23𝑎33] = [𝑎11𝑎21𝑎31
𝑎13𝑎23𝑎33]⏟𝑪

⋅ [01 10 𝑧13𝑧33]⏟𝒁
. (2.37)

In comparison to the other method discussed in this thesis, the ID offers the benefit that we can 
reuse columns of our matrix 𝑨 to form 𝑪 and only need to store the required column indices 
as well as the non-identity parts of 𝒁. The matrices 𝑪 and 𝒁 are often called a “skeleton” and 
interpolation matrix respectively38,39.

The ID is often computed using a QRCP. This decomposition enables computing the 𝒁 matrix 
using least-squares minimization. The derivation as provided in the literature39 starts by stating 
the following minimization in the Frobenius normarg min𝒁 ‖𝑨 − 𝑪𝒁‖𝐹 . (2.38)
An analytic solution is given by 𝑪𝑇 𝑪𝒁 = 𝑪𝑇 𝑨 (2.39)
which can be simplified using the QR decomposition of the psd matrix 𝑪𝑇 𝑪𝑹𝑇 𝑸𝑇 𝑸𝑹𝒁 = 𝑪𝑇 𝑨𝑹𝑇 𝑹𝒁 = 𝑪𝑇 𝑨. (2.40)
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In the last step, a triangular solver is employed to find a solution for 𝒁. The most expensive 
operation in this algorithm is the QRCP. Therefore, researchers have applied randomization and 
sampling techniques to the ID. A recent publication by Dong, Y.; Chen, C.; Martinsson, P.-G.; 
Pearce, K. 38 provides an overview of the landscape and classifies existing algorithms by the way 
they approach pivoting in the skeleton-selection step. They identify the following categories:

• Greedy pivoting: Methods that have no random component like the one using QRCP as 
described above. While they are rank-adaptive, i.e., they do not require prior knowledge of the 
matrix rank, they are sequential and therefore computationally infeasible for big inputs.

• Sampling: Methods that only use sampling of random distributions (like the squared Euclidean 
norm) to select columns for the skeleton. In context of ID those approaches can fail to reveal 
input rank and might lead to lackluster results.

• Sketchy pivoting: Other publications39–41 employed techniques, where the input is first 
multiplied with a randomized sketching matrix reducing its size. Subsequently, a sequential 
greedy pivoting can be applied. Those algorithms can be fast on modern hardware, but often 
require prior knowledge about the inputs numerical rank, which is often itself the subject of 
investigation.

• Random pivoting: Similar to the randomly pivoted CD algorithms from Section 2.5 Dong, 
Y.; Chen, C.; Martinsson, P.-G.; Pearce, K. 38 develop an algorithm that uses blocked random 
pivoting to construct the ID. Specifically the algorithm uses a vector of squared column-norms 
of the residual matrix in a way similar to the diagonal in RPCholesky. From this vector blocks 
of pivots are sampled based on a probability distribution. Thereafter, the QRCP is used to 
reject possible redundant columns in the block. Finally, the ID is updated using efÏcient matrix-
matrix operations. The algorithm terminates when it reaches a user defined threshold in the 
remaining column norms. This process was shown to yield high quality approximations, while 
automatically adapting to the rank of the input matrix.

2.7 CP Decomposition
The CANDECOMP/PARAFAC Decomposition can be traced back to a publication from 1927 by 
Hitchcock, F. L. 42. The CPD is the first tensor factorization described here for tensors of orders 
larger than two. It is closely related to the SVD and can be viewed as its higher-order version. We 
can illustrate this by recalling Eq. (2.8) and re-expressing it as a sum of rank-1 contributions𝑨 = 𝑼𝚺𝑽 𝑇 = 𝜎1𝒖1𝒗𝑇1 + 𝜎2𝒖2𝒗𝑇2 + … + 𝜎𝑛𝒖𝑛𝒗𝑇𝑛 . (2.41)
If we change 𝑨 to be an order-3 tensor 𝑻𝑎𝑏𝑐, we might arrive at a good representation for it using 
only the weighted sum of some vector outer-products𝑻𝑎𝑏𝑐 ≈ 𝜆1𝒂1 ∘ 𝒃1 ∘ 𝒄1 + … + 𝜆𝑟𝒂𝑟 ∘ 𝒃𝑟 ∘ 𝒄𝑟 (2.42)
which, if written using summation notation, is the exact definition of the CPD𝑻𝑎𝑏𝑐 ≈ ∑𝑅𝑟=1 𝝀𝑟 ⋅ 𝒂𝑟 ∘ 𝒃𝑟 ∘ 𝒄𝑟. (2.43)𝑅 denotes the rank of the tensor. The rank of a higher order tensor is not as simple as the matrix 
rank described in Section 2, where we saw that the problem of determining the rank of a tensor 
(which then is equivalent to finding an optimal CPD) is NP-hard. Therefore, there are already 
order-3 tensors for which a rank could not be determined yet9.
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There exist multiple algorithms to compute the CPD. The most studied and implemented way 
uses an Alternating Least Squares (ALS) strategy to solve the non-linear optimization problem. 
The ALS algorithm starts from an initial state of the factor matrices 𝑨𝑟, 𝑩𝑟 and 𝑪𝑟, assumes all 
but one factor to be fixed and solves the least-squares minimization problemarg min𝑨𝑟 = ‖𝑻(1) − 𝑨𝑟 ∘ 𝑩𝑟 ∘ 𝑪𝑟‖2. (2.44)
The weights 𝝀𝑟 are contracted into the factor matrices and 𝑻(1) denotes the mode-1 unfolding of 𝑻  defined in Eq. (2.1). It can be shown that under the assumption of a fixed 𝑨𝑟 the problem has 
an analytic solution of the form 𝑨̂ = 𝑻(1)[(𝑪 ⊙ 𝑩)𝑇 ]+. (2.45)
Here, + denotes the Moore-Penrose pseudoinverse. This expression can be rewritten such that it 
only involves the pseudoinversion of an 𝑅 × 𝑅 matrix using properties of the Khatri-Rao product 
defined in Eq. (2.4) 𝑨̂ = 𝑻(1)(𝑪 ⊙ 𝑩)(𝑪𝑇 𝑪 ∗ 𝑩𝑇 𝑩)+. (2.46)
After solving the problem for 𝑨, we fix 𝑩 and 𝑪 in turn and repeat the process until a convergence 
criterion is reached, i.e., the norm difference is sufÏciently minimized, or we reach a maximum 
number of iterations. The full algorithm for order-𝑛 tensors is outlined in Algorithm 2.

We can list some of the shortcoming of the standard ALS approach of computing the CPD:

• The algorithm is not guaranteed to converge to a global minimum and is heavily reliant upon 
the initial guess9.

• It was shown to be numerically unstable when the input is ill-conditioned43.

• The algorithm takes the approximate rank 𝑅 as a parameter, which means that

Algorithm 2:  CP-ALS Algorithm

1: procedure CP-ALS(input tensor 𝑿 ∈ ℝ𝐷1×…×𝐷𝑁 , rank 𝑅 ∈ ℕ+) 
2: for 𝑛 ∈ modes(𝑿) do
3: 𝑨(𝑛) ← random matrix ∈ ℝ𝐼𝑛×𝑅
4: end
5:
6: while fit insufficient do
7: for 𝑛 ∈ modes(𝑿) do
8: 𝑽  ← 𝑨(1)𝑇 𝑨(1) ∗ … ∗ 𝑨(𝑛−1)𝑇 𝑨(𝑛−1) ∗ 𝑨(𝑛+1)𝑇 𝑨(𝑛+1) ∗ … ∗ 𝑨(𝑁)𝑇 𝑨(𝑁)
9: 𝑨(𝑛) ← 𝑿(𝑛)(𝑨(𝑁) ⊙ … ⊙ 𝑨(𝑛+1) ⊙ 𝑨(𝑛−1) ⊙ … ⊙ 𝑨(1))𝑽 +
10: 𝝀 ← column-norms of 𝑨(𝑛)
11: end
12: end
13:
14: return 𝝀, 𝑨(1), 𝑨(2), …, 𝑨(𝑁)
15: end
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in order to reveal the inputs numerical rank the algorithm needs to be run multiple times until 
a high enough rank ceases to increase the fit. Therefore, the algorithm is not rank-adaptive as 
defined by Dong, Y.; Chen, C.; Martinsson, P.-G.; Pearce, K. 38.

A multitude of publications exist that improve upon the standard ALS approach or find alternative 
solutions:

One such approach that primarily focuses on improving numeric stability is the ALS-CP-QR 
algorithm44. It eliminates the need for a pseudoinversion by computing the QR Decomposition of 
the of each individual factor matrix and the subsequent Khatri-Rao products. It was shown to 
achieve higher numeric stability on ill-conditioned inputs, while maintaining good performance at 
least for low-rank tensors. The performance was shown to be improvable for example by introducing 
a Dimension Tree that helps to reutilize temporary products43.

In keeping with the theme of the other decomposition methods discussed, researchers45–47 applied 
randomization and sampling techniques to the CPD. The general outline of those algorithms is 
similar to the sketching ideas mentioned in Section 2.6. A randomized sketching matrix is used 
to transform a large input into a smaller sample that is easier to decompose using the standard 
ALS method.

Another technique that completely replaces ALS is using Gauss-Newton optimization techniques 
to directly solve the non-linear least-squares problem of the CPD step. While not changing the 
formal runtime complexity of the algorithm, a Gauss-Newton implementation using the conjugate 
gradient method was shown to outperform ALS based CPD in convergence rates as well as quality 
of the approximation48.
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3 Tensors in Electronic Structure Theory
Quantum mechanics as theorized in the 20th century postulates that matter exhibits wave-like 
behavior on small scales. In this regime classical particles are described by wave functions on which 
measurements act through operators. Physically measured quantities (observables) are given by 
the eigenvalues of their associated operator 𝑶̂. Since observables have to be physically meaningful, 
they have to be real numbers. Those operators can therefore be modelled by Hermitian matrices, 
for which we know that (1) all Eigenvalues are real and (2) all Eigenvectors can be normalized 
to an orthonormal basis (being perpendicular with length 1). Real Hermitian matrices are just 
symmetric and for complex cases they are equal to their own conjugate transpose (𝑶̂ = 𝑶̂†)14.

The wavefunction of a system can not be observed directly. A measurement result of an operator 
action on a wavefunction can be written in terms of expectation values manifesting as integrals of 
the squared amplitude. In Dirac-Notation this can be written as⟨Ψ|𝑣|Ψ⟩ = ⟨Ψ|𝑶̂|Ψ⟩ = ∫ℝ3 Ψ∗(𝒙) 𝑶̂ Ψ(𝒙)d3𝒙 (3.1)
where the wavefunction can be normalized to Ψ′ such that the operators expectation values 
becomes a simple scalar ⟨Ψ′|Ψ′⟩ = ∫ Ψ′∗Ψ′ d𝑟 = 1 ⇒ ⟨Ψ′|𝑶̂|Ψ′⟩ = 𝑣. (3.2)
The core problem in much of electronic structure theory lies in finding solutions to the non-
relativistic, time-independent Schrödinger equation, which was derived by Erwin Schrödinger from 
the tenets of Hamiltonian wave-mechanics𝑯̂|Ψ⟩ = 𝐸|Ψ⟩ (3.3)
In the Schrödinger equation, 𝑯̂ denotes the Hamiltonian operator, 𝐸 a scalar value and Ψ the 
wavefunction. The observable belonging to the 𝑯̂ operator is the energy of the system. The 
eigenvalue 𝐸 denotes an eigenenergy for a certain eigenstate of the system. The time-independent 
version of the Schrödinger equation is especially important in chemistry, as it is used to describe 
steady states like the electronic ground state of an atom or molecule.

In the following chapter, we will explore how to construct the molecular electronic Hamiltonian 
and some approaches to solve it approximately. We will use Dirac-Notation and other fundamental 
concepts that are explained in the introductory chapters of Szabo, A.; Ostlund, N. S. 1, Jensen, 
F. 2 and Leach, A. R. 49. We will use the following notational conventions and identities:

• Ψ and Φ refer to full molecular wavefunctions
• 𝜓𝑝 refers to Molecular Orbital (MO) wavefunctions where
• 𝑝, 𝑞, 𝑟, 𝑠 refer to generic MOs
• 𝑖, 𝑗, 𝑘, 𝑙 refer to occupied orbitals
• 𝑎, 𝑏, 𝑐, 𝑑 refer to unoccupied (virtual) orbitals
• 𝜑𝜇 refers to Atomic Orbital (AO) wavefunctions where
• 𝜇, 𝜈, 𝜆, 𝜎 will be used to index AOs
• Indices can appear alone: ⟨𝑖|𝑶̂|𝑗⟩ = ⟨𝜓𝑖|𝑶̂|𝜓𝑗⟩
• For entities other than wavefunctions, 𝑖, 𝑗, 𝑘, 𝑙… can still be used as dummy indices
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The molecular Hamiltonian operator can be defined by a sum of kinetic (𝑻 ) and potential energy 
(𝑽 ) contributions from electrons and nuclei𝑯̂ = 𝑻𝑛 + 𝑻𝑒 + 𝑽𝑛𝑒 + 𝑽𝑒𝑒 + 𝑽𝑛𝑛. (3.4)
In order to simplify the Hamiltonian the Born-Oppenheimer-Approximation can be used: Since 
nuclei have a far greater mass than electrons and therefore move on much slower timescales, we 
can assume their kinetic energy to be zero and their interaction potential to be constant, leading 
to the electronic Hamiltonian𝑯̂e = 𝑻𝑒 + 𝑽𝑛𝑒 + 𝑽𝑒𝑒 + 𝑽𝑛𝑛⏟const= −12 ∑𝑖 ∇2𝑖 − ∑𝑖,𝐼 𝑍𝐼‖𝒓𝑖 − 𝒓𝐼‖ + ∑𝑖<𝑗 1‖𝒓𝑖 − 𝒓𝑗‖ + ∑𝐼<𝐽 𝑍𝐼𝑍𝐽‖𝒓𝐼 − 𝒓𝐽‖ (3.5)
where 𝑍𝐼 denotes the charge of nucleus 𝐼 , 𝒓 denotes the position in space of the indexed entity 
and ∇2 is the Laplacian operator describing the second partial derivative in all spatial dimensions. 
The electronic Hamiltonian is presented here in atomic units, which we will use throughout if not 
explicitly stated otherwise. 𝑯̂𝑒 is a multi-particle operator, for it contains the electron-electron 
repulsion term.

In multielectron systems the electronic wave function must be modelled to obey the Pauli exclusion 
principle. The principle states that two fermionic wavefunctions must be antisymmetric under 
exchange and that two fermions can never occupy the same spin-orbital. This can be achieved by 
using a matrix determinant to describe the wavefunction. For a three electron system the so-called 
“Slater determinant” can be expressed as

Ψ(𝒙1, 𝒙2, 𝒙3) = 1√3!|𝜓1(𝒙1)𝜓1(𝒙2)𝜓1(𝒙3) 𝜓2(𝒙1)𝜓2(𝒙2)𝜓2(𝒙3) 𝜓3(𝒙1)𝜓3(𝒙2)𝜓3(𝒙3)|. (3.6)
The mathematical properties of the determinant ensure that under exchange of coordinates (i.e., 
swapping two rows) the wavefunction changes its signΨ(𝒙1, 𝒙2, 𝒙3) = −Ψ(𝒙2, 𝒙1, 𝒙3) (3.7)
and becomes zero if two electrons occupy the same spin orbital. 𝜓𝑖 denote the MO wavefunctions 
which are usually not known. The Linear Combination of Atomic Orbitals (LCAO) approach can 
be employed to model the MOs in a given Slater determinant. In LCAO the MO is modelled by a 
weighted sum of AO wavefunctions 𝜓 = ∑𝑁basis𝜇=1 𝑐𝜇𝜑𝜇. (3.8)
Since the variational principle states that any parametrized LCAO wavefunction will yield a higher 
or equal energy compared to the real-system, we can vary the AO coefÏcients in a way that 
minimizes the energy and be certain that the resulting orbitals will approach the real solution. The 
LCAO approach is fundamental since it allows us to discretize the given problem of continuous 
functions and operators. The building blocks of this discretization are called basis functions which 
are arranged in a basis set. Many function classes can be used to model the AOs (e.g., Exponential, 
Gaussian, polynomial plane). Since this thesis is only concerned with molecular systems (as 
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opposed to periodic systems) we will employ Gaussian functions contracted in a way that provides 
a sharp peak at the origin to model AOs.

3.1 Hartree-Fock Theory
The “ansatz” (i.e., the fundamental mathematical assumption) in Hartree-Fock Theory is that 
the wavefunction can be modeled by a single Slater determinant. Using this ansatz HF theory 
provides a way to determine the energy of this determinant in the context of the Born-Oppenheimer 
approximation and using the LCAO approach. This can be achieved by introducing a new effective 
one-electron operator that can be used to approximate the many-particle electronic Hamiltonian. 
The first step as presented by Jensen, F. 2 is to split the Hamiltonian into one- and two-particle 
contributions 𝑯̂𝑒 = −12 ∑𝑖 ∇2𝑖 − ∑𝑖,𝐼 𝑍𝐼‖𝒓𝑖 − 𝒓𝐼‖⏟𝒉̂

+∑𝑖<𝑗 1‖𝒓𝑖 − 𝒓𝑗‖⏟𝒈
+𝑉𝑛𝑛. (3.9)

When letting this operator act on a wavefunction and using the orthogonality properties of the 
MOs, the output of 𝒈𝑖𝑗 can be split into the Coulomb 𝑱𝑖𝑗 and Exchange 𝑲𝑖𝑗 integrals𝐸 = ⟨Ψ|𝑯̂𝑒|Ψ⟩= ⟨Ψ|𝒉̂|Ψ⟩ + ⟨Ψ|𝒈|Ψ⟩ + ⟨Ψ|𝑽𝑛𝑛|Ψ⟩= ∑𝑁elec𝑖 𝒉𝑖 + 12 ∑𝑁elec𝑖𝑗 (𝑱𝑖𝑗 − 𝑲𝑖𝑗) + 𝑉𝑛𝑛 (3.10)
where we multiply the Coulomb term by 12  to correct for the symmetric over-counting of repulsion 
contributions. This energy expression can now be minimized using Lagrangian multipliers under the 
constraint of maintaining orthonormal MOs. This process yields a new one-particle operator, 
called the Fock operator 𝒇 𝒇 = 𝒉̂ + ∑𝑁elec/2𝑗 (𝑱𝑗 − 𝑲̂𝑗). (3.11)
This leads to the physical interpretation that the eigenfunctions of the Fock operator are the 
orbitals that render the total energy stationary. From these we choose the 𝑁elec2  functions with the 
lowest eigenvalue (i.e., the lowest energy) to construct the ground state determinant. This means, 
we need to find solutions to the eigenvalue problem𝒇𝜓′𝑖 = 𝜀𝑖𝜓′𝑖 (3.12)
where 𝜓𝑖′ denotes so-called canonical orbitals, on which a unitary transformation 𝑼  was applied 
such that we can find 𝜀𝑖 by diagonalizing the matrix representation of the Fock operator𝑼†𝒇𝑼𝜓 = 𝑼†𝚺𝑼𝜓. (3.13)
In order to solve the equation, the other occupied orbitals must be known. Therefore, we must 
use an approach that works from an initial guess of the orbitals that iteratively solves the Fock 
operator for each orbital in turn until a convergence criterion is reached. This approach is called 
the Self Consistent Field (SCF) algorithm.
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When applied to the LCAO functions from Eq. (3.8) the problem can be expressed as a series of 
matrix operations which form the Roothaan-Hall equations𝑭𝑪 = 𝑺𝑪𝜺𝑭𝜇𝜈 = ⟨𝜑𝜇|𝒇|𝜑𝜈⟩𝑺𝜇𝜈 = ⟨𝜑𝜇|𝜑𝜈⟩ (3.14)
where 𝑪 is the matrix of weighting factors for the AO functions and 𝜺 is a diagonal matrix 
containing the energies. The elements of 𝑭  can be expanded into⟨𝜑𝜇|𝒇|𝜑𝜈⟩ = ⟨𝜇|𝒉̂|𝜈⟩ + ∑𝑁occ𝑘 [⟨𝜇𝑘|𝒈|𝜈𝑘⟩ − ⟨𝜇𝑘|𝒈|𝑘𝜈⟩]

= ⟨𝜇|𝒉̂|𝜈⟩ + ∑𝑁occ𝑘 ∑𝑁basis𝜆𝜎 𝑐𝑘𝜆𝑐𝑘𝜎[⟨𝜇𝜆|𝒈|𝜈𝜎⟩ − ⟨𝜇𝜆|𝒈|𝜎𝜈⟩]
= ⟨𝜇|𝒉̂|𝜈⟩ + ∑𝑁basis𝜆𝜎 𝚸𝜆𝜎⟨𝜇𝜈‖𝜆𝜎⟩

(3.15)
where 𝚸 denotes the density matrix, which is the only variable part left in the equation. Throughout 
this work we will write the Electron Repulsion Integral in chemists notation or Mulliken notation as𝑮𝜇𝜈𝜆𝜎 = (𝜇𝜈|𝜆𝜎) = ∬ 𝜑∗𝜇(𝒙1)𝜑𝜈(𝒙1) 1‖𝒙1 − 𝒙2‖𝜑∗𝜆(𝒙2)𝜑𝜎(𝒙2) d𝒙1 d𝒙2. (3.16)
and the antisymmetrized version of the ERI in physicists notation as⟨𝜇𝜆‖𝜈𝜎⟩ = (𝜇𝜈|𝜆𝜎) − (𝜇𝜎|𝜆𝜈) (3.17)
in the AO basis and ⟨𝑖𝑗‖𝑎𝑏⟩ = (𝑖𝑎|𝑗𝑏) − (𝑖𝑏|𝑗𝑎) (3.18)
in the MO basis respectively. The expression in Eq. (3.15) can be written as a tensor contraction 
between the ERI and the density matrix𝑭𝜇𝜈 = 𝒉𝜇𝜈 + 𝚸𝜆𝜎𝑮𝜇𝜈𝜆𝜎 − 𝚸𝜆𝜎𝑮𝜇𝜆𝜈𝜎. (3.19)
These contractions are the computationally most expensive parts in the SCF algorithm, needing 𝑁4basis operations per iteration, where 𝑁basis denotes the number of parametrizable basis functions 𝜑𝜇.

The theme of costly contractions of many electron integrals like the ERI is common in quantum 
mechanical calculations and often limits the applicability of ab-initio methods to small systems 
and/or small-basis sets. Therefore, many researchers are interested in using mathematical tools like 
the ones presented in Section 2 to improve upon this situation. We will discuss some approaches 
in Section 4 after presenting some other relevant ab-initio calculations suffering from the same 
problem.

3.2 Møller-Plesset Perturbation Theory
In 1934 Møller, C.; Plesset, M. S. 50 derived a systematic way to add electron correlation effects to 
the uncorrelated HF ansatz. The derivation is described in many books that cover the foundation 
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of quantum chemistry1,2. We start by partitioning the HF Hamiltonian 𝑯̂ into an unperturbed 
part and a perturbation (or fluctuation potential)𝑯̂ = 𝑯̂0 + �혵. (3.20)
Here 𝑯̂0 is just the sum of the one-electron Fock operators 𝒇 for each electron 𝑘𝑯̂0 = ∑𝑘 𝒇(𝑘). (3.21)
We can derive an expression for the difference of the HF mean field Hamiltonian and the “real” 
many electron operator⟨Ψ0|�혵|Ψ0⟩ = ⟨Ψ0|𝑯̂ − 𝑯̂0|Ψ0⟩= ⟨Ψ0|∑𝑁elec𝑖 [𝒉̂𝑖 + 12 ∑𝑁elec𝑖𝑗 1‖𝒓𝑖 − 𝒓𝑗‖] − ∑𝑁elec𝑖 [𝒉̂𝑖 + ∑𝑁elec𝑗 (𝑱𝑗 − 𝑲̂𝑗)]|Ψ0⟩

= 12 ∑𝑁elec𝑖𝑗 (𝑱𝑖𝑗 − 𝑲𝑖𝑗) − ∑𝑁elec𝑖𝑗 (𝑱𝑖𝑗 − 𝑲𝑖𝑗)= 12 ∑𝑁elec𝑖𝑗 ⟨𝑖𝑗‖𝑖𝑗⟩ − ∑𝑁elec𝑖𝑗 ⟨𝑖𝑗‖𝑖𝑗⟩ = −12 ∑𝑁elec𝑖𝑗 ⟨𝑖𝑗‖𝑖𝑗⟩.
(3.22)

which is expressed here in the MO basis. We can see that the first correction to the ground state 
energy is just the electron repulsion term we already derived when discussing HF theory𝐸MP1 = ⟨Ψ0|𝑯̂0|Ψ0⟩ + ⟨Ψ0|�혵|Ψ0⟩= ∑𝑁elec𝑖 ⟨Ψ0|𝒇𝑖|Ψ0⟩ − 12 ∑𝑁elec𝑖𝑗 ⟨𝑖𝑗‖𝑖𝑗⟩

= ∑𝑁elec𝑖 𝜀𝑖 − 12 ∑𝑁elec𝑖𝑗 ⟨𝑖𝑗‖𝑖𝑗⟩= 𝐸(0)0 + 𝐸(1)0 = 𝐸HF.
(3.23)

To derive the second order correction, we need to compute the interaction of the fluctuation 
potential with all possible excited states 𝐾 inΨ(1)0 = ∑𝑁elec𝐾≠0 𝑐𝐾Ψ(0)𝐾 = ∑𝑁elec𝐾≠0 ⟨Ψ(0)𝐾 |�혵|Ψ(0)0 ⟩𝐸(0)0 − 𝐸(0)𝐾 Ψ(0)𝐾 . (3.24)
We can omit triply and higher excited states since �혵 only contains 2-electron contributions. We 
also know 𝐾 can not be a singly excited state since Brillouin’s theorem states that⟨Ψ0|𝑯̂|Ψ𝑎𝑖 ⟩ = 0 (3.25)
where Ψ0 and Ψ𝑎𝑖  are orthogonal so the contribution cancels
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⟨Ψ0|�혵|Ψ𝑎𝑖 ⟩ = ⟨Ψ0|𝑯̂|Ψ𝑎𝑖 ⟩ − ⟨Ψ0|𝑯̂0|Ψ𝑎𝑖 ⟩= ⟨Ψ0|𝑯̂|Ψ𝑎𝑖 ⟩⏟0 − ∑𝑁elec𝑖=1 𝜀𝑖⟨Ψ0|Ψ𝑎𝑖 ⟩⏟0 . (3.26)
Therefore, the second order energy correction only includes interactions of the ground state 
wavefunctions with doubly excited states. The energy formula can be derived by using a Taylor 
expansion on the Eigenvalues and expanding the first-order wavefunction𝐸(2)0 = ∑𝑖<𝑗𝑎<𝑏

|⟨Ψ0|�혵|Ψ𝑎𝑏𝑖𝑗 ⟩|2𝜀𝑖 + 𝜀𝑗 − 𝜀𝑎 − 𝜀𝑏= ∑𝑖<𝑗𝑎<𝑏
|⟨𝑖𝑗‖𝑎𝑏⟩|2𝜀𝑖 + 𝜀𝑗 − 𝜀𝑎 − 𝜀𝑏= 14 ∑𝑖𝑗𝑎𝑏⟨𝑖𝑗‖𝑎𝑏⟩² 𝚫𝑎𝑏𝑖𝑗 = 𝐸MP2.

(3.27)
We separated the denominator into the𝚫𝑎𝑏𝑖𝑗 = (𝜀𝑖 + 𝜀𝑗 − 𝜀𝑎 − 𝜀𝑏)−1 (3.28)
tensor containing the reciprocal energy differences, and we dropped the requirement for an absolute 
value since we assume real valued integrals throughout this work. This energy correction can be 
further split into contributions from same and opposite spin electron pairs𝐸MP2 = 𝐸𝐶SS + 𝐸𝐶OS. (3.29)
In the case of a closed shell system, we can expand the numerator in our MP2 expression to achieve 
another simplification𝐸MP2 = 14 ∑𝑖𝑗𝑎𝑏 ⟨𝑖𝑗‖𝑎𝑏⟩2𝚫𝑎𝑏𝑖𝑗 = 14 ∑𝑖𝑗𝑎𝑏((𝑖𝑎|𝑎𝑏)2 − 2(𝑖𝑎|𝑗𝑏)(𝑖𝑏|𝑗𝑎) + (𝑖𝑏|𝑗𝑎)2)𝚫𝑎𝑏𝑖𝑗 . (3.30)
The repulsion and exchange like terms of the electron quadruplets can be split into two same-spin 
and two opposite-spin cases which can be written using 𝛼 and 𝛽 to differentiate spin statess.s. 𝛼𝛼 → 𝛼𝛼 𝛽𝛽 → 𝛽𝛽o.s. 𝛼𝛽 → 𝛼𝛽 𝛽𝛼 → 𝛽𝛼. (3.31)
The simplification arises from the fact that the o.s. terms will not contribute any exchange-like 
energy terms, since the electrons are already distinguished by their respective spins. This means 
the spin-integrated o.s. contributions to the energy correction are given by𝐸OS = 2 ⋅ 14 ∑𝑖𝑗𝑎𝑏((𝑖𝑎|𝑗𝑏)2 − 2(𝑖𝑎|𝑗𝑏)(𝑖𝑏|𝑗𝑎)⏟0 + (𝑖𝑏|𝑗𝑎)2⏟0 )𝚫𝑎𝑏𝑖𝑗 (3.32)
while for the s.s. contributions the whole expression from Eq. (3.30) has to be evaluated. Adding 
both cases yields the closed shell MP2 energy expression
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𝐸MP2-RHF = 14 ∑𝑖𝑗𝑎𝑏[2(𝑖𝑎|𝑗𝑏)2 + 2((𝑖𝑎|𝑗𝑏)2 − 2(𝑖𝑎|𝑗𝑏)(𝑖𝑏|𝑗𝑎) + (𝑖𝑏|𝑗𝑎)2)]𝚫𝑎𝑏𝑖𝑗= 14 ∑𝑖𝑗𝑎𝑏(4(𝑖𝑎|𝑗𝑏)2 − 4(𝑖𝑎|𝑗𝑏)(𝑖𝑏|𝑗𝑎) + 2(𝑖𝑏|𝑗𝑎)2)𝚫𝑎𝑏𝑖𝑗= ∑𝑖𝑗𝑎𝑏((𝑖𝑎|𝑗𝑏)2 − (𝑖𝑎|𝑗𝑏)(𝑖𝑏|𝑗𝑎) + 12(𝑖𝑏|𝑗𝑎)2)𝚫𝑎𝑏𝑖𝑗 . (3.33)
This can be simplified further by integrating out the spin components and considering the integrals’ 
symmetry1. Formulated analogous to the repulsion and exchange like terms in HF𝐸MP2-RHF = ∑𝑖𝑗𝑎𝑏[(𝑖𝑎|𝑗𝑏)(2(𝑖𝑎|𝑗𝑏) − (𝑖𝑏|𝑗𝑎))]𝚫𝑎𝑏𝑖𝑗= 𝑱𝑎𝑏𝑖𝑗 (2𝑱𝑎𝑏𝑖𝑗 − 𝑲𝑎𝑏𝑖𝑗 )𝚫𝑎𝑏𝑖𝑗 (3.34)
this restricted expression is useful when working with alternative forms of the ERI. Since this 
thesis only focuses on closed shell systems, Eq. (3.34) will be used as the MP2 energy expression 
throughout.

In this form the MP2 energy correction is easy to compute given the MO energies and the ERI 
tensor. The calculation will nevertheless be expensive, mainly due to the fact that the ERI tensor 
must to converted from the AO to the MO basis(𝑖𝑎|𝑗𝑏) = ∑𝑁basis𝜇 ∑𝑁basis𝜈 ∑𝑁basis𝜆 ∑𝑁basis𝜎 𝒄𝜇𝑖𝒄𝜈𝑗𝒄𝜆𝑎𝒄𝜎𝑏(𝜇𝜆|𝜈𝜎) (3.35)
which naively implemented needs 𝑁8basis operations. It can be reduced to 4 ⋅ 𝑁5basis manipulating 
the order of contractions (also called a “contraction pattern”)(𝑖𝑗|𝑎𝑏) = (∑𝑁basis𝜇 𝒄𝜇𝑖(∑𝑁basis𝜈 𝒄𝜈𝑗(∑𝑁basis𝜆 𝒄𝜆𝑎(∑𝑁basis𝜎 𝒄𝜎𝑏(𝜇𝜆|𝜈𝜎))))). (3.36)
There are therefore two major problems that MP2 calculations are usually associated with:

1. For its computation the order-4 tensors 𝑱 , 𝑲 and 𝚫 have to be contracted over all of their 
indices.

2. The cost of the AO to MO transformation requiring �혵(𝑁5basis) operations leading to high costs 
for large systems.

3. The chemical accuracy of the second order correction is limited. The contributions of unpaired 
electrons are systematically overestimated, which leads MP2 to often underperform when 
measured against DFT energy calculations51.

The improvement of the MP2 by introducing empirical corrections as well as approximating parts 
of the calculation is often discussed in the literature. We will now discuss some ideas, which are 
specifically useful in the context of ERI decomposition. A noteworthy improvement by approxi
mation was proposed by Almlöf, J. 52 who used the Laplace transform to derive a separable version 
of the 𝚫𝑎𝑏𝑖𝑗  denominator. It uses the fact that any reciprocal can be represented as an integral in 
the Laplace domain
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1𝑥 = −1𝑥(0 − 1) = ∫∞0 𝑒−𝑥𝑡 d𝑡 for 𝑥 > 0. (3.37)
Using this transformation in conjunction with a projected form of Gauss-Legendre quadrature 
with logarithmically spaced quadrature points, the integral can be approximated by a set of matrix 
contractions ∫∞0 𝑒𝜀𝑎𝑡 ⋅ 𝑒𝜀𝑏𝑡 ⋅ 𝑒−𝜀𝑖𝑡 ⋅ 𝑒−𝜀𝑗𝑡 d𝑡 ≈ ∑𝑁grid𝑣 𝒘𝑣𝝉𝑎𝑣 𝝉 𝑏𝑣𝝉 𝑖𝑣𝝉 𝑗𝑣 . (3.38)
where 𝒘 contains the weights associated with each grid point. A small set of grid points (5-15) 
already leads to approximations of the denominator that offer accuracy in the milli-Hartree range.

To further improve the chemical accuracy of MP2 calculations a simple scaling method called 
Spin Component Scaled (SCS) MP2 was proposed by Grimme, S. 51. SCS MP2 uses the spin-
splitting of the energy contributions shown in Eq. (3.29). In order to counteract the imbalance in 
energy contributions from paired- and unpaired electrons the publication adds a simple scaling by 
empirically derived coefÏcients 𝐸SCS-MP2 = 𝑐OS𝐸OS + 𝑐SS𝐸SS. (3.39)
Conducting extensive benchmarking involving single-point as well as reaction energy calculations, 
the author suggests the scaling factors 𝑐OS = 65  and 𝑐SS = 13  which led to a reduction in the Mean 
Average Error (MAE) of the MP2 correlation energy compared to the Quadratic Configuration 
Interaction Singled Doubles (QCISD) correlation energy. The MAE decreased from 4.6 to 2.3 
kcal/mol. Based on this contribution, a multitude of methods were devised by publications that 
scale the energy contributions in increasingly evolved ways producing better energies for different 
chemical systems53.

One specific method that should be singled out here is the Scaled opposite-spin (SOS) MP2 method 
devised by Jung, Y.; Lochan, R. C.; Dutoi, A. D.; Head-Gordon, M. 54 who proposed just omitting 𝐸SS completely and instead scaling up 𝐸OS by a factor of 𝑐OS = 1.3. This approach brings the 
added benefit that the only computation needed is𝐸SOS MP2 = 𝑐OS ∑𝑖𝑗𝑎𝑏 (𝑖𝑎|𝑗𝑏)2𝚫𝑎𝑏𝑖𝑗= 𝑐OS ∑𝑖𝑗𝑎𝑏([𝑱𝑎𝑏𝑖𝑗 𝑱𝑎𝑏𝑖𝑗 ]𝚫𝑎𝑏𝑖𝑗 ). (3.40)
In Section 4 we will describe how this expression can be used in conjunction with the Laplace-
transformed denominator to yield a formally �혵(𝑁3basis) scaling version of MP2.

3.3 Coupled Cluster Methods
Expensive tensor operations also limit other calculations in electronic structure theory. One such 
example can be found in Coupled Cluster methods. The main idea of CC is finding a pattern to 
include excited slater determinants in the description of the wavefunction, leading to a fundamen
tally different ansatz than the single determinant in HF. An in-depth discussion of CC concepts 
can was provided by Crawford, T. D.; Schaefer III, H. F. 55. Formally, CC introduces the cluster 
operator 𝑻  that correlates different orbitals with each other
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𝑻𝑛 = ( 1𝑛!)2 ∑𝑛𝑖𝑗…𝑎𝑏… 𝒕𝑎𝑏…𝑖𝑗… 𝒂̂†𝑎𝒂̂†𝑏…𝒂̂𝑗𝒂̂𝑖. (3.41)𝒂̂†𝑎 and 𝒂̂𝑖 denote the second-quantization creation and annihilation operators that add orbitals 𝑎, 𝑏 to the slater determinant and remove the orbitals 𝑖, 𝑗. They are weighted by the coefÏcient 
in 𝒕. With these operators the wavefunction can be expanded in the exponential ansatz, which 
includes many slater determinants in the description of the wavefunction|Ψ⟩ = 𝑒𝑻 |Φ0⟩ = 𝑒(𝑻1+𝑻2+…)|Φ0⟩. (3.42)
The exponential does not imply an actual numerical power but describes the possibility of 
expanding the cluster operator using a Taylor series𝑒𝑻1 |Φ0⟩ = (1 + 𝑻 + 𝑻22! + 𝑻33! + …)|Φ0⟩. (3.43)Φ0 denotes a reference wavefunction that can be chosen to be the wavefunction from HF. The 
expansion lends itself to truncation giving rise to the Coupled Cluster Singles (CCS) and Coupled 
Cluster Singles Doubles (CCSD) variants who model the wavefunction as|ΨCCS⟩ = 𝑒𝑻1 |Φ0⟩ and |ΨCCSD⟩ = 𝑒𝑻1+𝑻2 |Φ0⟩. (3.44)
From this ansatz, an energy expression can be derived by expanding a similarity transformed 
version of the Hamiltonian projected onto the reference wavefunction𝐸CC = ⟨Φ0|𝑒−𝑻 𝑯̂𝑒𝑻 |Φ0⟩. (3.45)
This version of the Hamiltonian, also written as 𝑯̅ can be projected on the excited wavefunction, 
which gives rise to the amplitude equations, which must be solved iteratively to obtain the so-called 
“cluster amplitudes” i.e., the weights 𝒕 for the different excited states. The amplitude equations 
for the single and double excitations can be expanded as0 = ⟨Φ𝑎𝑖 |𝑯̅|Φ0⟩ = 𝒇𝑎𝑖 + ∑𝑐 𝒇𝑎𝑐𝒕𝑐𝑖 − 𝒇𝑘𝑖𝒕𝑎𝑘 + ∑𝑘𝑐 ⟨𝑘𝑎‖𝑐𝑖⟩𝒕𝑐𝑘 + 12 ∑𝑘𝑐𝑑 ⟨𝑘𝑎‖𝑐𝑑⟩𝒕𝑐𝑑𝑘𝑖 + …0 = ⟨Φ𝑎𝑏𝑖𝑗 |𝑯̅|Φ0⟩ = ⟨𝑎𝑏‖𝑖𝑗⟩ + ∑𝑐 (𝒇𝑏𝑐𝒕𝑎𝑐𝑖𝑗 − 𝒇𝑎𝑐𝒕𝑏𝑐𝑖𝑗 ) + 12 ∑𝑘𝑙 ⟨𝑘𝑙‖𝑖𝑗⟩𝒕𝑎𝑏𝑘𝑙 + … (3.46)
where 𝒇𝑎𝑖  are elements of the Fock matrix. Eq. (3.46) involves a kind of tensor contractions with 
the antisymmetrized ERI that we already saw in Section 3.1. These contractions drive the high 
computational complexity of CC methods like CCSD.
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4 Low-Rank Approximations of the ERI Tensor
Reducing the complexity of handling the ERI tensor by employing low-rank approximation 
techniques has been a topic of exploration in electronic structure theory from the 1970s onward. 
This chapter provides a theoretical overview that should function as a guideline for developing a 
reference implementation of some of the presented ERI approximation methods. Due to the limited 
scope of this thesis, the chapter does not aim to provide a comprehensive overview of the field. 
We will only focus on finite molecular systems, as opposed to periodic ones. For a more in-depth 
exploration of this topic, the reader is referred to Qin, X.; Hu, W.; Yang, J. 56. We will also focus 
on the case of Gaussian type basis functions that give rise to real-valued orbitals.

4.1 Properties of Electron Pair Repulsion
The ERI in AO basis over spatial coordinates given real-valued orbitals can be written as𝑮𝜇𝜈𝜆𝜎 = (𝜇𝜈|𝜆𝜎) = ∬ 𝜑𝜇(𝒓1)𝜑𝜈(𝒓1) 1‖𝒓1 − 𝒓2‖𝜑𝜆(𝒓2)𝜑𝜎(𝒓2) d𝒓1 d𝒓2 (4.1)
where it is common practice to merge the orbital product into so-called “co-densities”(𝜇𝜈|𝜆𝜎) = ∬ 𝝆𝜇𝜈(𝒓1) 1‖𝒓1 − 𝒓2‖𝝆𝜆𝜎(𝒓2) d𝒓1 d𝒓2 = ⟨𝜌1|𝒈|𝜌2⟩ = (𝜌1|𝜌2). (4.2)
The ERI exhibits some specific properties that we will now explore:

Inner product: Since we model AOs with atom-centered Gaussian functions and the product 
of two Gaussians is another Gaussian centered in between the original functions, we can see 
that the co-densities must be Gaussian functions. The integral built using the Coulomb operator 𝒈12 = ‖𝒓1 − 𝒓2‖−1 acting on the co-densities can be shown to define an inner product on the space 
spanned by the involved orbitals57. This implies that(1) (𝜌1|𝜌2) = (𝜌2|𝜌1)(2) (𝜆𝜌1|𝜌2) = 𝜆(𝜌1|𝜌2)(3) (𝜌1 + 𝜌3|𝜌2) = (𝜌1|𝜌2) + (𝜌3|𝜌2)(4) (𝜌1|𝜌1) ≥ 0(5) (𝜌1|𝜌1) = 0 ⇔ 𝜌1 = 0(6) (.|.) is positive definite.

(4.3)
Symmetry: If we assume real orbitals, the ERI possesses 8-fold permutational symmetry. This 
means that additionally to the symmetry defined by the symmetry of the co-densities the following 
statement holds(𝜇𝜈|𝜆𝜎) = (𝜆𝜎|𝜇𝜈) = (𝜈𝜇|𝜎𝜆) = (𝜎𝜆|𝜈𝜇) = (𝜈𝜇|𝜆𝜎) = (𝜎𝜆|𝜇𝜈) = (𝜇𝜈|𝜎𝜆) = (𝜎𝜆|𝜈𝜇). (4.4)
This means that the full amount of floating point numbers that we need to describe the ERI 
amounts to ≈ 18𝑁4basis.
Sparseness: If the centers of the co-densities 𝜌 are far apart, the contribution to the integral 
tensor will be near zero. Depending on the system size this means that most of the entries of the 
ERI can be assumed to be zero. These contributions can be ignored in calculations. This process 
is called integral screening, and has been studied in the literature57,58. The main concern is to 
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find properties for screening the ERI without fully evaluating it. One such method is using the 
Cauchy-Schwarz inequality for inner products ⟨., .⟩14,59|⟨𝑎, 𝑏⟩| ≤ ‖𝑎‖‖𝑏‖ (4.5)
to derive the Schwarz estimate for the ERI|(𝜇𝜈|𝜆𝜎)| ≤ (𝜇𝜈|𝜇𝜈)12 (𝜆𝜎|𝜆𝜎)12 . (4.6)
This inequality implies that if we evaluate all self-repulsions (𝜇𝜈|𝜇𝜈) (which we can do in 𝑁2basis 
operations), we only have to evaluate entries that involve indices with a self-repulsion above a given 
cutoff 𝜀. There exist a range of estimates that extend this concept to different types of orbitals 
and operators. A somewhat recent review of these estimates was provided by Thompson, T. H.; 
Ochsenfeld, C. 57.

Nearsightedness: A standard assumption in electronic structure theory as laid out by Kohn, W. 
60 is that the Coulomb interaction for equilibrium states is “nearsighted”. This means that far-
apart regions of the system interact weakly. This implies that if the system has sufÏcient size, 
we might be able to devise methods that calculate said interaction with only linearly increasing 
complexity by separating near-field from far-field contributions. This is done for the Coulomb 
integral by works employing Fast Multipole Methods (FMMs)61–63. FMMs use hierarchical boxing 
algorithms to separate the systems into regions. For each of the regions the near-field interaction 
with the immediate neighbors is computed. These are subsequently merged to a single “multipole”, 
which then interacts with the other regions multipoles. This simplification unfortunately does not 
extend to the exchange-like contributions in contractions like the one shown in Eq. (3.19). These 
calculations “mix” the co-densities and therefore become non-local.

4.2 Density Fitting / Resolution of the Identity
Density Fitting or sometimes called Resolution of the Identity is one of the first methods proposed 
for using low-rank approximations on the ERI tensor. The initial description of this method can 
be found in the 1970s in publications from Beebe, N. H. F.; Linderberg, J. 5 as well as Baerends, 
E. J.; Ellis, D. E.; Ros, P. 64. The idea behind DF is to find a way to represent the co-densities 
such that the Coulomb kernel can be expressed in a lower dimensional space.

One way to compute this approximation that is historically significant works by projecting the 
ERI onto a set of auxiliary basis functions. The derivation of this “auxiliary basis” method, can be 
found in almost all publications6,63,65–69 concerned with DF. Although varying in notation and level 
of detail, the starting point is always the approximation of the co-density as a linear combination 
of simpler functions from the function class of the original basis set𝝆𝜇𝜈(𝒓) ≈ ∑𝑛 𝒄𝑛𝜒𝑛(𝒓) = 𝑪𝑛𝜇𝜈𝜒𝑛(𝒓). (4.7)
The auxiliary basis should grow linearly with the size of the original basis and is often bigger than 
the original by a factor of 2 to 5. From Eq. (4.7) we can build an error expression𝜺𝜇𝜈,𝜆𝜎 = ⟨𝝆𝜇𝜈 − 𝑪𝐿𝜇𝜈𝜒𝐿|�혵|𝝆𝜆𝜎 − 𝑪𝐾𝜆𝜎𝜒𝐾⟩ (4.8)
where we dropped the spatial coordinate 𝒓 for the sake of readability. In the expression �혵 denotes 
a kernel of our choosing. The kernel determines the metric we will measure the error in. It can be 
shown that minimizing the error in the Coulomb metric yields the highest accuracy approximation, 
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by producing a robust (quadratically decreasing error) fit in the electric field66,70. We can use 
matrix algebra to derive an analytic solution for the coefÏcients that minimize this error𝜕𝒆𝜇𝜈,𝜆𝜎𝜕𝑪𝐾𝜆𝜎 = (𝝆𝜇𝜈 − 𝑪𝐿𝜇𝜈𝜒𝐿 | 𝜒𝐾) = 0𝑪𝐿𝜇𝜈 = 𝑮𝐾𝜇𝜈[𝑮−1]𝐾𝐿. (4.9)
Here, 𝑮 denotes the tensor consisting of the Coulomb interaction of its indexed entities like𝑮𝐾𝜇𝜈 = (𝜇𝜈|𝐾) = ∬ 𝜑𝜇(𝒓1)𝜑𝜈(𝒓2) 1‖𝒓1 − 𝒓2‖𝜒𝐾(𝒓2) d𝒓1 d𝒓2𝑮𝐾𝐿 = (𝐾|𝐿) = ∬ 𝜒𝐾(𝒓1) 1‖𝒓1 − 𝒓2‖𝜒𝐿(𝒓2) d𝒓1 d𝒓2. (4.10)
From Eq. (4.9) we can derive our ERI approximation by additionally introducing the uninverted 
Coulomb matrix (𝜇𝜈|𝜆𝜎) ≈ 𝑪𝐾𝜇𝜈𝑮𝐾𝐿𝑪𝐿𝜆𝜎= (𝜇𝜈|𝐾)[𝑮−1]𝐾𝐿𝑮𝐿𝑀 [𝑮−1]𝑀𝑁(𝑁|𝜆𝜎)= (𝜇𝜈|𝐾)[𝑮−1]𝐾𝐿(𝐿|𝜆𝜎). (4.11)
The runtime of the DF ERI calculation is dominated by the computation of the (𝜇𝜈|𝐾) integrals, 
which can be built in 𝑁2basis ⋅ 𝑁aux ≈ 𝑁3basis operations. As 𝑁aux ∝ 𝑁basis, the overall asymptotic 
complexity of the DF build is �혵(𝑁3basis). For sufÏciently big systems this is less than the 𝑁4basis 
operations needed to compute the full ERI. The DF formulation is also advantageous in tensor 
contractions. If we take the expensive AO to MO transformation from Eq. (3.36) and replace the 
full ERI with the DF ERI, we can derive a new contraction pattern⟨𝑖𝑗|𝑎𝑏⟩ = (∑𝑁basis𝜇 𝒄𝜇𝑖(∑𝑁basis𝜈 𝒄𝜈𝑗(∑𝑁basis𝜆 𝒄𝜆𝑎(∑𝑁basis𝜎 𝒄𝜎𝑏𝑮𝐾𝜇𝜈[𝑮−1]𝐾𝐿𝑮𝐿𝜆𝜎))))= ∑𝐾𝐿[[𝑮−1]𝐾𝐿(∑𝜇 𝒄𝜇𝑖(∑𝜈 𝒄𝜈𝑗𝑮𝐾𝜇𝜈))(∑𝜆 𝒄𝜆𝑎(∑𝜎 𝒄𝜎𝑏𝑮𝐿𝜆𝜎))]. (4.12)
In this contraction, the most expensive operation will be the multiplication of the 3-center integrals 
with the corresponding coefÏcient matrices 𝒄𝜈𝑗𝑮𝐾𝜇𝜈 . These can be computed in 𝑁4basis operations. 
This leads to a reduction of complexity by a full power when compared to the full ERI calculation.

Auxiliary basis Density Fitting has been implemented in many quantum chemistry codes like 
Gaussian71, ORCA72 or PySCF73 where it is used to increase the speed of quantum chemistry 
calculations like Hartree-Fock Theory SCF64,70, MBPT74 and Coupled Cluster methods75. Never
theless, the structure of the DF approximation can be problematic for some use cases which is 
mainly due to:

Cost: Even though storing the (𝜇𝜈|𝐾) tensor requires less space than storing the full ERI, 
the required ≈ (𝑁2basis ⋅ 𝑁aux)/𝑠 storage requirement (𝑠 being a symmetry factor) can still be 
prohibitively expensive for larger systems. The same problem is present in the contractions built 
with the DF integrals. While using ≈ 𝑁4basis operations for the AO to MO transformation is better 
than contractions with higher powers, it still becomes problematic quite fast even on modern 
hardware.
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Pinned indices: Since the DF formulation results in the 𝜆 and 𝜎 indices being contracted into 
the (𝜇𝜈|𝐾) integral tensor, it is not directly applicable to calculations that require a contraction of 
the ERI tensor with swapped indices like the exchange term in HF that was shown in Eq. (3.19).

Choice of basis: Using the auxiliary basis method requires the user to choose a set of fitting 
functions. The method also can be viewed as taking an educated guess at the rank of the ERI by 
introducing a space to project onto that is chemically motivated. Since we saw in Section 2.1 that 
determining the rank of a tensor is generally a hard problem, this manual choice can introduce 
biases and does not adapt to all systems. Early publications64,65 already acknowledge this problem 
and throughout the last decades many ways were devised to employ the auxiliary basis method 
on a variety of systems by manually selecting the “right” fitting basis76. There were also efforts to 
automatically determine the fitting basis77–79, which employ heuristic algorithms to construct an 
auxiliary basis.

Another method for computing the DF approximation that addresses the “choice of basis” problem 
uses the Cholesky Decomposition (Section 2.5). This method was already suggested in one of the 
first publications on DF by Beebe, N. H. F.; Linderberg, J. 5 which did not gain many citations 
after its publication, but has been the focus of a number of recent studies67,69,80. We can show the 
connection to the CD by splitting the auxiliary basis formulation of DF from Eq. (4.11)(𝜇𝜈|𝜆𝜎) ≈ (𝜇𝜈|𝐾)[𝑮−12 ]𝐾𝐿(𝐿|𝜆𝜎)= ∑𝐾𝐿(∑𝐾 (𝜇𝜈|𝐾)(𝐾|𝑀)−12 )(∑𝐿 (𝑀|𝐿)−12 (𝐿|𝜆𝜎))= 𝑳𝑀𝜇𝜈 𝑳𝑀𝜆𝜎. (4.13)
If we now unfold the ERI into a matrix by introducing combined indices for the co-densities(𝜇𝜈|𝜆𝜎) = 𝑮̅𝜇𝜈̅𝜆𝜎 = 𝑮𝑖𝑗 ∈ ℝ𝑁2×𝑁2 (4.14)
the DF approximation is just the pivoted Cholesky Decomposition from Eq. (2.34)𝚷𝑇  𝑮𝑖𝑗 𝚷 ≈ 𝑳𝑀𝑖𝑳𝑀𝑗 = 𝑳𝑳𝑇 . (4.15)
The benefit of this approach is, that the pivoted CD provides an automatic way to approximate the 
numeric rank of the ERI. The CD method can avoid introducing bias by sacrificing the “chemically 
intuitive” auxiliary basis in favor of a more abstract space formed by the selected pivots, and it 
allows the user to define an error threshold that will adapt to any given system. As was outlined 
by Pedersen, T. B.; Lehtola, S.; Fdez. Galván, I.; Lindh, R. 69, this process can be implemented to 
match the computational complexity of the auxiliary basis algorithm: The key insight is that for 
most systems the rank of the ERI grows only linearly. From Algorithm 1 we learned that only the 
diagonal with 𝑁2basis entries needs to be stored. For the formation of the Cholesky vectors only some 
parts of the input have to be computed, which can be done on the fly. Therefore, we can achieve 
an implementation of overall �혵(𝑁3basis) computational complexity. This was already postulated by 
Beebe, N. H. F.; Linderberg, J. and thereafter verified by many implementations69.

4.3 Tensor Hypercontraction
In 2012  Hohenstein, E. G.; Parrish, R. M.; Martínez, T. J. 6 introduced the Tensor Hypercon
traction, which proposed that the ERI may be approximated by a matrix product of the form
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𝑮𝜆𝜎𝜇𝜈 ≈ 𝑿𝑃𝜇 𝑿𝑃𝜈 𝒁𝑃𝑄𝑿𝑄𝜆 𝑿𝑄𝜎 (4.16)
where 𝑃 , 𝑄, 𝑅, 𝑆… denote the abstract space used to project the ERI into. The THC approximation 
is closely related to the pseudospectral family of methods81, which expand one side of the DF 
approximation using numerical quadrature on a grid. To compute this factorization the publication 
uses the CPD (Section 2.7). The starting point is the observation by Vahtras, O.; Almlöf, J.; 
Feyereisen, M. W. 70 that the auxiliary basis expansion error shown in Eq. (4.8) can also be 
expanded in other metrics than the Coulomb metric. If one uses the overlap as a measure of fit, 
the ERI can be also approximated by(𝜇𝜈|𝜆𝜎) ≈ (𝜇𝜈𝐾)[𝑺−1]𝐾𝐿(𝐿|𝑀)[𝑺−1]𝑀𝑁(𝑁𝜆𝜎) (4.17)
where (𝜇𝜈𝐾) = ∫ 𝜑𝜇(𝒓)𝜑𝜈(𝒓)𝜒𝐾(𝒓) d𝒓𝑺𝐾𝐿 = ∫ 𝜒𝐾(𝒓)𝜒𝐿(𝒓) d𝒓. (4.18)
Canonic Polyadic Tensor Hypercontraction (CP-THC) factorizes the three-center integral matrices 
into three component matrices with an approximate rank 𝑃 . The rank should be proportional to 𝑁basis much like the amount of auxiliary basis functions employed by the DF approach(𝜇𝜈𝐾) ≈ 𝑿𝑃𝜇 𝑿𝑃𝜈 𝒀 𝑃𝐾 (4.19)
where the weight matrix 𝝀 from Eq. (2.43) was contracted into the 𝑿 and 𝒀  matrices. From this 
factorization the THC formulation of the ERI can be written as(𝜇𝜈|𝜆𝜎) ≈ [𝑿𝑃𝜇 𝑿𝑃𝜈 𝒀 𝑃𝐾 ][𝑺−1]𝐾𝐿(𝐿|𝑀)[𝑺−1]𝑀𝑁[𝒀 𝑄𝑁 𝑿𝑄𝜆 𝑿𝑄𝜎 ]= 𝑿𝑃𝜇 𝑿𝑃𝜈 (𝒀 𝑃𝐾 [𝑺−1]𝐾𝐿(𝐿|𝑀)[𝑺−1]𝑀𝑁𝒀 𝑄𝑁 )𝑿𝑄𝜆 𝑿𝑄𝜎= 𝑿𝑃𝜇 𝑿𝑃𝜈 𝒁𝑃𝑄𝑿𝑄𝜆 𝑿𝑄𝜎 . (4.20)
The storage required by the ERI can be drastically reduced using THC. We only need to store the 𝑿 ∈ ℝ𝑁basis×𝑁THC and 𝒁 ∈ ℝ𝑁2THC matrices. If we construct the THC such that 𝑁THC ∝ 𝑁basis the 
asymptotic storage requirement reduces to �혵(𝑁2basis).
The “pinned indices” problem from DF is also addressed. Each 𝜇, 𝜈, 𝜆, 𝜎 index is now indexing the 
same 𝑿 matrix, while preserving the ERI symmetries. This simplifies contractions of the form𝑲𝜇𝜈 = 𝚸𝜆𝜎 𝑿𝑃𝜇 𝑿𝑃𝜎 𝒁𝑃𝑄𝑿𝑄𝜆 𝑿𝑄𝜈= (𝚸𝜆𝜎𝑿𝑄𝜆 𝑿𝑃𝜎 )𝑿𝑃𝜇 𝑿𝑄𝜈 𝒁𝑃𝑄. (4.21)
This in turn allows us to lower the computational complexity of the electron-electron repulsion 
calculation 𝐸𝑒𝑒 = 12𝚸𝜇𝜈(𝑱𝜇𝜈 − 𝑲𝜇𝜈)= 12𝚸𝜇𝜈(𝚸𝜆𝜎(𝜇𝜈|𝜆𝜎) − 𝚸𝜆𝜎(𝜇𝜎|𝜆𝜈)). (4.22)
With the THC approximation these can be computed with �혵(𝑁4basis) to �혵(𝑁3basis).
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Hohenstein, E. G.; Parrish, R. M.; Martínez, T. J. 6 proposed a scheme to compute the closed-
shell Møller–Plesset Perturbation Theory (Second Order) (MP2) energy correction with �혵(𝑁4basis) 
asymptotic complexity using the THC. Since all the basis function indices are separate now, we can 
lower the complexity of the AO to MO transformation from Eq. (3.36). This is done by contracting 
the 𝑿 matrix with the SCF weights 𝑿𝑃𝑖 = 𝒄𝜇𝑖𝑿𝑃𝜇 (4.23)
which requires ≈ 𝑁2basis ⋅ 𝑁THC operations. We introduce the convention here, that the 𝑿 matrix 
when indexed with MO indices (𝑖, 𝑗, 𝑎, 𝑏) will refer to the MO transformed matrix as to avoid 
multiple different ways to write 𝑿. Using these matrices, we can put the THC ERI into the Laplace 
transformed closed-shell MP2 expression from Eq. (3.34)𝐸RHF-MP2 = ∑𝑖,𝑗,𝑎,𝑏 −2(𝑖𝑎|𝑗𝑏)2Δ𝑎𝑏𝑖𝑗⏟𝐽 + (𝑖𝑎|𝑗𝑏)(𝑖𝑏|𝑗𝑎)Δ𝑎𝑏𝑖𝑗⏟𝐾≈ −2 ⋅ 𝝉𝑎𝑣 𝝉 𝑏𝑣𝝉 𝑖𝑣𝝉 𝑗𝑣 ⋅ 𝑿𝑃𝑖 𝑿𝑃𝑎 𝒁𝑃𝑄𝑿𝑄𝑗 𝑿𝑄𝑏 ⋅ 𝑿𝑅𝑖 𝑿𝑅𝑎 𝒁𝑅𝑆𝑿𝑆𝑗 𝑿𝑆𝑏+𝝉𝑎𝑣 𝝉 𝑏𝑣𝝉 𝑖𝑣𝝉 𝑗𝑣 ⋅ 𝑿𝑃𝑖 𝑿𝑃𝑎 𝒁𝑃𝑄𝑿𝑄𝑗 𝑿𝑄𝑏 ⋅ 𝑿𝑅𝑖 𝑿𝑅𝑏 𝒁𝑅𝑆𝑿𝑆𝑗 𝑿𝑆𝑎

(4.24)
where the weights of the Laplace transformed integral are merged into the 𝝉  matrices. After some 
rearranging, we can find a contraction pattern that allows for the 𝐽  and 𝐾 term to be computed 
with �혵(𝑁3basis) and �혵(𝑁4basis) asymptotic complexity respectively. This contraction pattern is shown 
in Algorithm 3 together with the corresponding amount of operations needed. To improve read
ability, the operation costs neglect the small constant amount of Laplace integration grid points. 
In Algorithm 3 the “contract” function is a stand-in for tensor contraction functions like the ones 
provided by TBLIS82, which will contract all indices in the parameter tensor in a way that produces 
the indices on the desired output while building optimal intermediates. A similar derivation for the 
MP3 correction was also proposed by Parrish, R. M.; Hohenstein, E. G.; Martínez, T. J.; Sherrill, 
C. D. 83. In order to arrive at the SOS approximation (Section 3.2), it sufÏces to compute the 𝐽  
term. This is then multiplied with the empiric scaling factor.

Algorithm 3:  Laplace Transform MP2 Energy using the THC ERI

1: procedure THC-MP2-Laplace(𝑿 ∈ ℝ𝑁THC×𝑁basis , 𝒁 ∈ ℝ𝑁THC×𝑁THC , 𝝉 ∈ ℝ𝑁basis×𝑁laplace) 
2: ▷ Calculate J
3: 𝑽 𝑃𝑅𝑣  ← contract(𝝉𝑎𝑣 𝑿𝑃𝑎 𝑿𝑅𝑎 ) ▷ 𝑁2THC ⋅ 𝑁virt
4: 𝑶𝑃𝑅𝑣  ← contract(𝝉 𝑖𝑣𝑿𝑃𝑖 𝑿𝑅𝑖 ) ▷ 𝑁2THC ⋅ 𝑁occ
5: 𝑳𝑃𝑅𝑣  ← 𝑽 ∗ 𝑶 ▷ 𝑁2THC
6: 𝐽  ← contract(𝑳𝑃𝑅𝑣 𝑳𝑄𝑆𝑣 𝒁𝑃𝑄𝒁𝑅𝑆) ▷ 𝑁3THC (optimized)
7: ▷ Calculate K
8: 𝑩𝑃𝑖𝑎 ← contract(𝒁𝑃𝑄𝑿𝑄𝑖 𝑿𝑄𝑎 ) ▷ 𝑁2THC ⋅ 𝑁occ ⋅ 𝑁virt
9: 𝑬𝑃𝑅𝑣𝑖  ← contract(𝝉𝑎𝑣 𝑿𝑅𝑎 𝑩𝑃𝑖𝑎) ▷ 𝑁2THC ⋅ 𝑁occ ⋅ 𝑁virt
10: 𝑯𝑃𝑅𝑣  ← contract(𝝉 𝑖𝑣𝑬𝑃𝑅𝑣𝑖 𝑬𝑃𝑅𝑣𝑖 ) ▷ 𝑁2THC ⋅ 𝑁occ
11: 𝑮𝑃𝑅𝑣  ← contract(𝝉 𝑖𝑣𝑿𝑃𝑖 𝑿𝑅𝑖 ) ▷ 𝑁2THC ⋅ 𝑁occ
12: 𝐾 ← contract(𝑮𝑃𝑅𝑣 𝑯𝑃𝑅𝑣 ) ▷ 𝑁2THC
13: return −2 ⋅ 𝐽 + 𝐾
14: end
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It also should be noted that the way Algorithm 3 calculates the 𝐾 term is not optimal for practical 
scenarios and can require a high amount of memory. A better optimized method was proposed by 
Bangerter, F. H.; Glasbrenner, M.; Ochsenfeld, C. 84. This pattern will be used in later chapters.

The THC and especially the method of its construction via the CPD also comes with some 
theoretical and practical drawbacks: Like DF, it requires the user to choose an auxiliary basis set, 
as they are needed to compute the central 𝒁𝑃𝑄 matrix. Additionally, the construction performance 
is usually limited by the ALS algorithm that computes the CPD. The authors acknowledge that the 
ALS procedure itself formally possesses �혵(𝑁4basis) computational complexity and only converged 
slowly in their tests with ≈ 105 ALS cycles needed to determine the factor matrices.

The reduction in complexity for the Laplace transformed MP calculations was validated empirically 
on a set of linear growing alkane molecules and water clusters in a correlation consistent double 
zeta basis set (cc-pVDZ)85. In this setup the CP-THC method produced MP2 and MP3 energies 
that only deviated from the canonical value in the milli-Hartree range. However, the publication 
does not include wall-time comparison of CP-THC MP2 and DF MP2, but only show produced 
timings in an MP3 calculation including the THC build phase. These already takes several minutes 
for systems with ∼ 100 basis functions, which can be computed by DF MP2 milliseconds.

This sets up one of the main problems when exploring these kinds of approximations: Determining 
the cost-benefit ratio of a given method. It is easy to see that in the asymptotic case, building 
the DF approximation will be faster than constructing the THC, at least using the CPD. On 
the other hand, the higher speed in the desired calculation, might add up to a net gain in 
efÏciency for certain systems. This topic is hard to address since it depends on many variables: 
The specific implementations and degree of optimization used, the hardware employed, the test-
data etc. Because of this complexity it is difÏcult for inventors of new approximation methods to 
properly evaluate their method, and it is challenging for users to find the method that best fits 
their use case.

Therefore, for the rest of this thesis we will try to address this issue by
1. describing other ways to achieve a low-rank approximation that were put forward
2. developing a reference implementation in a unified software framework for a chosen subset
3. benchmarking the implementations on a unified set of molecules.

4.4 Least-squares THC
To address the issues in CP-THC arising from its use of the ALS algorithm Parrish, R. M.; 
Hohenstein, E. G.; Martínez, T. J.; Sherrill, C. D. 83 established a direct method of computing the 
THC factorization using a Least Squares minimization approach. The key difference between Least 
Squares Tensor Hypercontraction (LS-THC) and CP-THC is the use of a molecular quadrature 
grid, which is also adapted from the pseudospectral method family. A common choice in the context 
of molecular systems is to use a Becke-type grid86. This approach employs atom-centered grids 
with user defined angular and radial densities delivers, such that the grid points might be used in 
a Chebyshev-Gauss numerical integration procedure.

In order to shorten the subsequent equations where we introduce the following expressions𝑿𝑃𝜇 = 4√𝑤𝑃 ⋅ 𝜑𝜇(𝒓𝑃 )𝑿𝑃𝜇𝜈 = 𝑿𝑃𝜇 ⊙ 𝑿𝑃𝜈𝑺𝑃𝑄 = 𝑿𝑃𝜇𝜈𝑿𝑄𝜇𝜈 = [𝑿𝑃𝜇 𝑿𝑃𝜇 ][𝑿𝑄𝜈 𝑿𝑄𝜈 ]. (4.25)
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where 𝑤𝑃  is the weight associated with the grid point 𝒓𝑃 .

The LS-THC algorithm poses the optimization problemarg min𝒁𝑃𝑄 [𝑂 = 12‖(𝜇𝜈|𝜆𝜎) − 𝑿𝑃𝜇 𝑿𝑃𝜈 𝒁𝑃𝑄𝑿𝑄𝜆 𝑿𝑄𝜎 ‖2] (4.26)
which has an analytic solution in𝜕𝑂𝜕𝒁𝑃 ′𝑄′ = −𝑿𝑃 ′𝜇𝜈[(𝜇𝜈|𝜆𝜎) − 𝑿𝑃𝜇𝜈𝒁𝑃𝑄𝑿𝑄𝜆𝜎]𝑿𝑄′𝜆𝜎 = 0. (4.27)
From this we can derive an analytic expression for the 𝒁𝑃𝑄 matrix𝒁𝑃𝑄 = [𝑿𝑃𝜇′𝜈′𝑿𝑃 ′𝜇′𝜈′]−1𝑿𝑃 ′𝜇𝜈(𝜇𝜈|𝜆𝜎)𝑿𝑄′𝜆𝜎[𝑿𝑄′𝜆′𝜎′𝑿𝑄𝜆′𝜎′]−1≈ [𝑺𝑃𝑃 ′]+(𝑿𝑃𝜇𝜈(𝜇𝜈|𝜆𝜎)𝑿𝑄𝜆𝜎)[𝑺𝑄′𝑄]+= [𝑺𝑃𝑃 ′]+𝑬𝑃𝑄[𝑺𝑄′𝑄]+. (4.28)
Fitting with the ERI is the most computationally complex step in this THC building method. 
Even if fit on the DF version of the ERI, it contains a contraction of the form𝑿𝑃𝜇𝜈𝑳𝑀𝜇𝜈 (4.29)
which involves 𝑁2basis ⋅ 𝑁aux ⋅ 𝑁THC which leads to �혵(𝑁4basis) asymptotic complexity or �혵(𝑁5basis) if 
fit with the full ERI.

Another problematic and time-consuming step of the algorithm is the inversion of the grid metric 
matrix 𝑺𝑃𝑄. As it is usually rank-deficient, a proper inverse might not exist. So Parrish, R. M.; 
Hohenstein, E. G.; Martínez, T. J.; Sherrill, C. D. 83 employ a pseudoinversion technique in which 
the eigendecomposition of the matrix is computed and subsequently the pseudoinverse is derived 
from the eigenvalues which lie above a user defined cutoff 𝜀[𝑺𝑃𝑃 ′]+ = 𝑼𝑃𝑖𝝀−1𝑖 𝑼𝑃 ′𝑖 𝜆𝑖 > 𝜀𝜆1. (4.30)
This involves solving the eigenvalue problem for a Hermitian matrix for which LAPACK21 uses the 
Divide and Conquer algorithm mentioned in Section 2.4. This imposes a �혵(𝑁3grid) computational 
complexity. Depending on the choice of grid this can lead a big computational pre-factor. If the grid 
is dense (i.e., > 1000 points per atom) this inversion can make LS-THC expensive when compared 
to DF, for systems that have only few atoms.

The LS-THC method was shown to accurately reproduce the MP2 energies of alkane chains, 
water clusters, linear acenes and alanine polypeptides in the cc-pVDZ basis set with errors in the 
milli-Hartree region. When fit with the full ERI, LS-THC was shown to approximate the MP2 
energies better than DF. The publications tests were run using a sparse grid of ≈ 150 points per 
atom. Unfortunately, the publication does not include runtime comparison of DF, CP-THC and 
LS-THC. A later study by Matthews, D. A. 87 provided insights into the runtime behavior of LS-
THC, finding a practical cost-to-benefit crossover point at system sizes of ≈ 240 electrons when 
comparing to DF MP3.

After the inception of LS-THC, more authors suggested ways to improve upon the methodology 
in different ways. Studies that apply the THC to electronic structure calculations can be found 
for open-shell and restricted MP2 and MP3 theories84,88,89; MP2 for periodic systems90; Coupled 
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Cluster methods12,91–93; Hartree-Fock Theory and Density Functional Theory94–96 as well as other 
methods that were out of the scope of this thesis like GW and the Random Phase Approximation 
(RPA)97,98. Since the choice of grid is important to the applicability of the method, many later 
publications are concerned with optimization of molecular grids for the THC construction in order 
to lower the computational pre-factor. Some propose different types of integration grids but keep 
the manual choice of grid99 while many others devise automatic grid optimization schemes100–105. 
Some approaches mentioned even provide means to lower the overall asymptotic scaling of the 
THC build to �혵(𝑁3basis)96,103,105. We will examine the most promising of these approaches in the 
following chapters.

4.5 Interpolative Separable Density Fitting
In order to reduce the complexity of building the THC representation of the ERI, Lu, J.; Ying, 
L. 7 introduced the Interpolative Separable Density Fitting (ISDF) procedure. The core idea of 
ISDF is to use the Interpolative Decomposition described in Section 2.6 in order to find a low-
rank approximation of the ERI co-densities𝜑𝜇(𝒓)𝜑𝜈(𝒓) ≈ ∑̃𝑃 𝜑𝜇(𝒓𝑃̃ )𝜑𝜈(𝒓𝑃̃ )𝜉𝑃̃ (𝒓) (4.31)
where 𝒓𝑃  are points of a molecular grid and 𝜉𝑃̃ (𝒓) is a set of interpolation functions. To cast 
this equation into matrix-form we must assume the co-densities to be discretized over a molecular 
integration grid 𝑿𝑃𝜇𝜈 ≈ 𝑿𝑃̃𝜇𝜈𝝃𝑃̃𝑃 (4.32)
where 𝑃  denotes points in the full grid and 𝑃  indexes a chosen subset of interpolation points. From 
this we can see the similarity to Eq. (2.36) making 𝑿𝑃̃𝜇𝜈 and 𝝃𝑃̃𝑃  the skeleton and the interpolation 
matrices respectively. In order to lower the amount of co-densities that need to be evaluated, the 
ISDF procedure applies what amounts to a “sketchy” pivoting technique mentioned in Section 2.6.

The procedure starts by computing a “mixing” matrix 𝑴 ∈ ℝ𝑁2basis×𝑁grid from an unfolded version of 
the co-density tensor. The transformation is then computed by first multiplying the co-density row-
wise with a random complex number of unit-length and then applying a Fast Fourier Transform 
(FFT) to each column. This mixes co-densities of the AO function pairs on each grid point. 
Subsequently, ISDF takes a random sample of size 𝑘 from the now mixed AO pairs, which reduces 𝑴 ∈ ℂ𝑁2basis×𝑁grid to the 𝑴̃ ∈ ℂ𝑘×𝑁grid sketch of the co-density matrix. To view the process more 
clearly, Matthews, D. A. 106 writes the mixing and sampling operations as matrix operators �혵 and �혵 in 𝑴̃ = �혵�혵𝑿. (4.33)
In order to compute the interpolation points aka. the skeleton matrix, QRCP decomposition 
described in Section 2.4 is applied on 𝑴  yielding𝑴̃𝚷 = 𝑸𝑹 (4.34)
where size of the diagonal element in 𝑹 provides an indicator for the relevance of the grid in 
context of the co-density. From 𝑹 we select 𝑁THC columns using an error cutoff 𝜀 applied on the 
diagonal. From this “pruned” version of the grid, the interpolation functions can be computed𝝃𝑃̃𝑃 = [𝑹1:𝑁THC,1:𝑁THC]−1𝑹1:𝑁THC,:𝚷−1. (4.35)
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Once the interpolation functions are known, the ERI can be reconstructed from the interpolation 
functions like (𝜇𝜈|𝜆𝜎) ≈ 𝑿𝑃̃𝜇𝜈[∬ 𝝃𝑃̃ (𝒓𝑃 )𝝃𝑄̃(𝒓𝑄)‖𝒓𝑃 − 𝒓𝑄‖ d𝒓𝑃 d𝒓𝑄]𝑃̃ 𝑄̃𝑿𝑄̃𝜆𝜎= 𝑿𝑃̃𝜇𝜈𝒁𝑃̃ 𝑄̃𝑿𝑄̃𝜆𝜎 (4.36)
which is very similar to the THC formulation. We just renamed the interpolation points to match 
the previously used formulations. The expression is clearly separable in terms of the basis function 
pairs, which means that it can be contracted with �혵(𝑁3basis) computational complexity. When using 
a periodic basis, the matrix can be evaluated using the FFT like𝒁𝑃𝑄 = 4𝜋Ω ∑𝒈≠0 𝝃𝑃 (𝒈)𝝃𝑄(𝒈)𝒈2 (4.37)
where Ω denotes the volume of the unit cell and 𝒈 the reciprocal lattice vector56. In the context of 
molecular systems this calculation is challenging. Since the diagonal elements of 𝒁𝑃𝑄 contain an 
integrable singularity for the case 𝒓𝑃 = 𝒓𝑄, the problem is numerically ill-conditioned. A solution 
was proposed by Lee, J.; Lin, L.; Head-Gordon, M. 103 who employed an auxiliary basis set (indexed 
by𝐾, 𝐿, 𝑀, 𝑁, …) to derive an alternate expression for the Coulomb kernel matrix𝒁𝑃𝑄 = 𝑫𝑃𝐾𝑫𝑄𝐾𝑫𝑃𝐾 = [𝑮−12 ]𝐾𝐿(𝐿|𝜉𝐾)= [𝑮−12 ]𝐾𝐿𝑮𝐿𝜇𝜈𝑿𝑄𝜇𝜈 [𝑺+]𝑃𝑄. (4.38)
Although leading to correct results, the contraction of the 3-center Coulomb integrals with the co-
density tensor implies that the algorithm will again possess �혵(𝑁4basis) computational complexity. 
The publication suggests integral screening methods could be used to decrease the complexity 
to a value closer to �혵(𝑁3basis). A full solution to this problem in molecular systems in the ISDF 
framework was not yet found. This fact is presented in a review paper by Qin, X.; Hu, W.; Yang, 
J. 56, which provides an excellent albeit only theoretical overview of ISDF.

A major improvement for the process of finding interpolation points was made by Dong, K.; Hu, 
W.; Lin, L. 102, who suggested using a Centroidal Voronoi Tesselation (CVT) procedure to identify 
relevant grid points. The CVT procedure when given a set of weighted points and an amount of 
centroids computes a placement for the centroids such that the weighted distance for each gridpoint 
to the next centroid is minimizedarg min{�혵𝑘,𝒄𝑘} ∑𝑁𝑘 ∑𝒓𝑙∈�혵𝑘 𝑤(𝒓𝑙)‖𝒓𝑙 − 𝒄𝑘‖2 (4.39)
where 𝑁  is a user-defined amount of centroids, 𝑤 is the weighting function, �혵𝑘 is a cluster and 𝒄𝑘 is the cluster’s centroid. This is a non-linear optimization problem. The authors address this 
by using the weighted K-Means clustering procedure, which starts with a random guess at the 
centroid placements; assigns all points to the nearest centroid; computes the new centroids as the 
cluster averages and repeats until convergence. The procedure is outlined in Algorithm 4.

An in-depth exploration of molecular ISDF using the K-Means clustering approach was conducted 
by Lee, J.; Lin, L.; Head-Gordon, M. 103. The publication used two dedicated benchmarking 
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Algorithm 4:  Weighted K-Means Clustering

1:
procedure K-Means({𝒓𝑖}𝑁grid , 𝑤(𝒓), Initial Centroids {𝒄(0)𝑘 }𝑁𝐶) 

2: 𝑡 ← 0
3: while not converged or maximum steps reached do
4: ▷ Assign grid points to clusters
5: for 𝑖 = 1 to 𝑁grid do
6: assign(�혵(𝑡)𝑘 , 𝒓𝑖) if 𝒓𝑖 is closest to 𝒄(𝑡)𝑘
7: end
8:
9: ▷ Update cluster centroids
10: for 𝑘 = 1 to 𝑁𝑐 do
11: 𝒄(𝑡+1)𝑘  ← [∑𝒓𝑗∈�혵(𝑡)𝑘 𝒓𝑗 𝑤(𝒓𝑗)]/[∑𝒓𝑗∈�혵(𝑡)𝑘 𝑤(𝒓𝑗)]
12: end
13: end
14:
15: return {𝒄(𝑡)𝑘 }
16: end

datasets107,108 and showed that a number of interpolation points ≈ 3 − 5 times the size of the 
auxiliary basis was necessary to achieve milli-Hartree accuracy in HF, MP2 and MP3 calculations. 
The authors note that the convergence behavior depends on the size of the basis set. Bigger basis 
sets will generally need more interpolation points. The implementation used Schwarz-type integral 
screening and could be shown to outperform DF on systems of around 600 basis functions. The 
central THC matrix for this system could be built in under 10 minutes. The authors also estimate 
the method to outperform DF in non-screened MP2 calculations at system sizes between 1000 
and 2000 electrons. All the calculations were conducted using the Q-Chem package109 on a 32 
core CPU.

4.6 Improvements upon LS-THC
Another automated grid pruning scheme was proposed by Matthews, D. A. 106. The derivation 
adapts ideas from ISDF and the QRCP decomposition of the co-density as a starting point𝑺𝑃𝑄 = 𝑿𝑃𝜇𝜈𝑿𝑄𝜇𝜈 = 𝑿𝑇 𝑿 ≈ 𝑴𝑇 𝑴= (𝚷𝑹𝑇 𝑸𝑇 )(𝑸𝑹𝚷𝑇 ). (4.40)
Since 𝑸 is orthogonal, 𝚷 is a permutation matrix and 𝑹 is upper triangular, we can recover the 
formula for the pivoted Cholesky Decomposition𝑺 = 𝚷𝑹𝑇 (𝑸𝑇 𝑸)𝑹𝚷𝑇= 𝚷𝑹𝑇 𝕀𝑹𝚷𝑇𝚷𝑇 𝑺𝚷 = 𝑹𝑇 𝑹. (4.41)
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This implies that we can find a low-rank approximation for 𝑺𝑃𝑄 using the pivoted CD. We can 
use Eq. (4.28) to derive an expression for the Coulomb matrix, where the fitting matrix 𝑬 is 
constructed with the pruned version of the colocation matrix 𝑺𝑃̃ 𝑄̃ ∈ ℝ𝑘×𝑘𝒁𝑃̃ 𝑄̃ = [𝑺−1]𝑃̃ 𝑅̃[𝑿𝑅̃𝜇𝜈(𝜇𝜈|𝜆𝜎)𝑿𝑆𝜆𝜎][𝑺−1]𝑄̃𝑆= [𝑺−1]𝑃̃ 𝑅̃𝑬𝑅̃𝑆[𝑺−1]𝑄̃𝑆= [(𝑳𝑇 𝑳)−1]𝑃̃ 𝑅̃𝑬𝑅̃𝑆[(𝑳𝑇 𝑳)−1]𝑄̃𝑆. (4.42)
With this expression, we can either decide to build the direct inversion or a pseudoinversion of 𝑳𝑇 𝑳. 
We can also use triangular forward solves, which might increase numeric stability. Starting from𝒁 = 𝑳−1[𝑳𝑇 ]−1𝑬𝑳−1[𝑳𝑇 ]−1. (4.43)
the center matrix can be found in 4 solve steps𝑳𝑻 𝑨 = 𝑬 solve for 𝑨𝑳𝑇 𝑩𝑇 = 𝑨𝑇 solve for 𝑩𝑇𝑳𝑪 = 𝑩 solve for 𝑪𝑳𝒁𝑇 = 𝑪𝑇 solve for 𝒁𝑇 . (4.44)
This grid pruning technique was tested on a benzene molecule in differently sized basis sets. It 
was shown to reliably decrease the needed grid points by ≈ 60% even for very large cc-pV6Z basis 
sets. This is highly desirable since all contractions in the THC build step (especially the expensive 
fitting with the ERI) are more expensive the bigger 𝑁THC is. The program was implemented using 
the CFOUR library110. Unfortunately, the authors did not disclose the hardware used in their 
benchmark.

Another similar approach was put forward by Bangerter, F. H.; Glasbrenner, M.; Ochsenfeld, C. 
89 who used the DF expansion of the ERI in fitting matrix 𝑬 to construct known intermediates𝑬𝑅𝑆 = 𝑿𝑅𝜇𝜈(𝜇𝜈|𝐾)(𝐾|𝐿)(𝐿|𝜆𝜎)𝑿𝑆𝜆𝜎= [𝑿𝑅𝜇𝜈(𝜇𝜈|𝐾)](𝐾|𝐿)[(𝐿|𝜆𝜎)𝑿𝑆𝜆𝜎]= 𝒀 𝑅𝐾 (𝐾|𝐿)𝒀 𝑆𝐿 (4.45)
which when used to form the center matrix can form another set of intermediates𝒁𝑃𝑄 = ([𝑺−1]𝑃𝑅𝒀 𝑅𝐾 )(𝐾|𝐿)(𝒀 𝑆𝐿 [𝑺−1]𝑄𝑆)= 𝚲𝑃𝐾(𝐾|𝐿)𝚲𝑄𝐿 . (4.46)
We can use the pivoted Cholesky Decomposition of the metric matrix 𝑺𝑺 = 𝚷𝑳𝑳𝑇𝚲 = (𝚷𝑳𝑳𝑇 )−1𝒀(𝚷𝑳𝑳𝑇 )𝚲 = 𝒀 (4.47)
to derive 𝚲 using only two triangular solves while avoiding any pseudoinversion
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𝚷𝑇 𝒀 = 𝑳𝑾 solve for 𝑾𝑾 = 𝑳𝑇 𝚲 solve for 𝚲. (4.48)
The authors combined this improved handling of the metric matrix with advanced integral 
screening methods and reported that in empirical tests they were able to determine the MP2 SOS 
energies from Eq. (3.40) for systems with up to 9000 basis functions in under 12 hours using a 16-
thread CPU. It should be noted that they also employed some other optimization techniques that 
are not in the scope of this thesis like Cholesky Orbitals and using DF with the so-called “erfc” 
kernel.

In two recent publications Hillers-Bendtsen, A. E.; Martínez, T. J. 95,96 proposed a method that is 
again or the LU Decomposition (see Section 2.3) similar to the ones described above. Their main 
goal was to lower the complexity of the SCF algorithm. Under the assumption that the auxiliary 
Coulomb integral (𝐾|𝐿) captures most of the information contained in the ERI, they derive a 
least-squares fitted expressionarg min𝒁̃𝑃𝑄 12‖(𝐾|𝐿) − 𝑿𝑃𝐾𝒁̃𝑃𝑄𝑿𝑄𝐾‖2𝐹⇒ 𝒁𝑃𝑄 ≈ 𝒁̃𝑃𝑄 = (𝑿𝑃𝐾𝑿𝑅𝐾)−1𝑿𝑅𝐾(𝐾|𝐿)𝑿𝑆𝐿(𝑿𝑆𝐿𝑿𝑄𝐿 )−1. (4.49)
Since this step still involves the pseudoinversion of the metric matrix 𝑿𝑃𝐾𝑿𝑅𝐾 , the authors propose 
using the Cholesky Decomposition to decompose the auxiliary basis Coulomb matrix(𝐾|𝐿) = 𝑳𝑛𝐾𝑳𝑛𝐿 (4.50)
which can be used to reformulate the optimization problem toarg min𝒀 𝑃𝑛 ‖𝑳𝑛𝐾 − 𝑿𝑃𝐾𝒀 𝑃𝑛 ‖2𝐹 . (4.51)
Given this problem, a solution can be determined using𝑿𝑃𝐾𝒀 𝑃𝑛 = 𝑳𝑛𝐾 solve for 𝒀 . (4.52)
This method to avoid pseudoinversion of the metric matrix is extremely similar to the method 
deployed by Bangerter, F. H.; Glasbrenner, M.; Ochsenfeld, C. 89, with the difference that it only 
involves integrals derived from auxiliary basis functions. Though this method’s formal complexity 
amount to �혵(𝑁3basis), the authors acknowledge that the resulting ERI approximation is numerically 
imprecise. For this reason they propose using a Superposition of Atomic Densities (SAD) initial 
guess111 at the density matrix and then only use the THC ERI to converge the SCF calculation in 
the density-difference framework94. This does not require as high numeric precision. The authors 
report impressive results, being able to construct the THC for water clusters with up to 2500 basis 
function in under 10 seconds using an Nvidia A100 GPU and hand-optimized compute kernels with 
no integral screening. The method was built in the TerraChem quantum chemistry package112.

4.7 Block Tensor Decomposition
In a recent paper Zhang, Y.; Xiong, X.; Wu, W.; Su, P. 105 proposed a new approach to compute 
the THC with formal �혵(𝑁3basis) computational complexity, which is not derived from the LS-THC 
equations. Instead, the approach draws ideas from FMMs and merges them with the CD grid 
pruning procedures. They start with a dense integration grid (indexed by 𝑔, ℎ). From this they 
derive a sparser grid (indexed by 𝐴, 𝐵). The Block Tensor Decomposition (BTD) uses a CD based 
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pruning but improves the scalability by using a Hilbert curve to group close points and form 
clusters by chunking. For each cluster, the highest pivot is determined by a pivoted CD. This 
provides a sparse grid, while maintaining the relationship from grid points to the chosen “cluster 
center”.

Using this dual-grid approach, the THC center matrix can be expanded as𝒁𝑃𝑄 = 𝑲𝑃𝑀𝑲𝑄𝑀𝑲𝑃𝑀 = [𝑺+]𝐾𝐿(𝑿𝑔𝜇𝑿𝐿𝜇 )2𝑩𝑔𝑀 (4.53)
where the electrostatic integral 𝑩 is the separable DF approximation of the full-grid to full-grid 
Coulomb interaction𝑽𝑔ℎ = 1‖𝒓𝑔 − 𝒓ℎ‖ ≈ 𝑩𝑔𝑀𝑩ℎ𝑀 = (𝑀|𝑁)−12 ∫ 𝜒𝑁(𝒓)‖𝒓 − 𝒓𝑔‖ d𝒓. (4.54)
In this building procedure, the most expensive contraction involves 𝑁basis ⋅ 𝑁grid ⋅ 𝑁aux operations, 
which implies a formal complexity of �혵(𝑁3basis). The authors demonstrated the validity by 
combining it with a Schwarz-like integral screening and calculating SOS MP2 energy estimates. 
The authors reported that their implementation was able to build the THC representation for 
water clusters with up to ≈ 1000 basis functions in about one minute using only one CPU core. 
We would like to note that the results of the paper were not yet reproduced by other publications 
and the authors did not provide the implementation.

4.8 CP Decomposition
As described in Section 2.7, the rank of a tensor and its CANDECOMP/PARAFAC Decomposition 
are closely linked. It therefore seems quite natural that the CPD should be a good way to arrive at 
a low-rank representation of the ERI. In the paper proposing LS-THC, Parrish, R. M.; Hohenstein, 
E. G.; Martínez, T. J.; Sherrill, C. D. 83 note that the THC can be understood as a restricted form 
of the CPD. If we were to drop all constraints held on the 𝑿 matrices, we could find a THC such 
that the center matrix becomes the identity matrix(𝜇𝜈|𝜆𝜎) ≈ 𝑿𝑃𝜇 𝑿𝑃𝜈 𝒁𝑃𝑄𝑿𝑄𝜆 𝑿𝑄𝜎 = 𝑨𝑟𝜇𝑨𝑟𝜈 𝕀 𝑩𝑟𝜆𝑩𝑟𝜎. (4.55)
From this, we can recover the CPD with the weighting matrix contracted into the component 
matrices. In recent years, some researchers (notably Karl Pierce and colleagues) have been applying 
forms of the CPD. Notably, they applied the CPD not to the ERI directly but to tensor networks 
i.e., the full contraction that is desired in particular terms from the CCSD amplitude equations8,10 
as well as MP2113.

The CPD is relevant in context of MP2 calculations since it can yield a contraction pattern for 
the 𝐾 term that is more efÏcient than the one using the THC (see Section 4.3)113. From Eq. (4.24) 
we can see that the 𝐾 term can be expressed as𝐾RHF-MP2 = 𝜏𝑎𝑣 𝜏𝑏𝑣𝜏 𝑖𝑣𝜏 𝑗𝑣 ⋅ 𝑿𝑃𝑖 𝑿𝑃𝑎 𝒁𝑃𝑄𝑿𝑄𝑏 𝑿𝑄𝑗 ⋅ 𝑿𝑅𝑖 𝑿𝑅𝑏 𝒁𝑅𝑆𝑿𝑆𝑗 𝑿𝑆𝑎 . (4.56)
If we swap one of the component THC expressions with the CPD, we can derive a contraction 
pattern that does not include any operations with higher complexity than �혵(𝑁3basis)
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𝐾RHF-MP2 = 𝝉𝑎𝑣 𝝉 𝑏𝑣𝝉 𝑖𝑣𝝉 𝑗𝑣 ⋅ 𝑿𝑃𝑖 𝑿𝑃𝑎 𝒁𝑃𝑄𝑿𝑄𝑗 𝑿𝑄𝑏 ⋅ 𝑨𝑟𝑖 𝑨𝑟𝑏𝑩𝑟𝑗𝑩𝑟𝑎= ∑𝑃𝑄𝑣𝑟[𝒁𝑃𝑄(∑𝑖 𝝉 𝑖𝑣𝑿𝑃𝑖 𝑨𝑟𝑖 )(∑𝑎 𝝉𝑎𝑣 𝑿𝑃𝑎 𝑩𝑟𝑎)(∑𝑗 𝝉 𝑗𝑣𝑿𝑄𝑗 𝑩𝑟𝑗)(∑𝑏 𝝉 𝑏𝑣𝑿𝑄𝑏 𝑨𝑟𝑏)] (4.57)
While this is a desirable outcome, computing the CPD efÏciently is still a major issue, due to 
the non-linear nature of the problem. THC reduces this issue to defining a projection space and 
finding the center matrix. This can often be done using a single operation. For the CPD one needs 
to employ heuristic, iterative techniques like ALS. Additionally, the THC works by importing a 
certain bias like the choice of grid or the auxiliary basis if fit with DF. While this can be problematic 
(see Section 4.2), it also allows us to never construct the full ERI.

Some publications8,10,113,114 try to mitigate this problem by using substitutes to the full ERI in 
their fitting procedure, and by implementing their ALS optimization in a “matrix-free” way. This 
means that the CPD optimization problem from Eq. (2.44) for the ERI becomesarg min𝑨,𝑩 12‖𝑳𝐾𝜇𝜈𝑳𝐾𝜆𝜎 − 𝑨𝑟𝑖 𝑨𝑟𝑎𝑩𝑟𝑗𝑩𝑟𝑏‖2 (4.58)
which can be solved ≈ (𝑟 ⋅ 𝑁4basis) operations using ALS, since each ALS cycle needs a contraction 
over the DF factors 𝑳. This computational burden can be lowered to �혵(𝑟 ⋅ 𝑁3basis) if the fit is 
constructed against the THC build by a cubic-scaling algorithm. The publications show that the 
error propagation of this chaining approach is quite low. We can even construct a more expensive 
robust fitting procedure8 that yields more faithful fits to the chosen ERI stand-in. The performance 
of those methods is lower-bounded by the underlying ERI approximation. Therefore, there either 
must be a fast way to construct another approximation like the THC or one must hope that 
the better contraction properties outweigh the longer build-time. The authors did not test their 
implementation with an actual cubic-scaling THC implementation, but “simulated” this using a 
LS-THC procedure. It should also be noted that formally the CPD does not conserve the symmetry 
properties of the ERI, though it was shown that the error margin is quite small in practical 
applications.

4.9 Closing Remarks
At this point it should have become obvious that the field of low-rank approximations for problems 
involving the ERI is wide and nuanced. Different approaches were developed, usually by researchers 
trying to improve the runtime efÏciency of one or many specific simulation methods. This led to 
a multitude of angles from which the problem was attacked and produced remarkable progress.

It also created a landscape of methods that lacks clarity and comparability. Each new idea seems to 
be implemented in a different software library, which means testing newly proposed methods might 
require adopting a new software, which takes time and mental effort. Often, the implementations 
are not even publicly available anymore, or they are written using different programming languages 
or software libraries. Additionally, while the benchmarking conducted by the researchers testing 
their new implementations is mostly quite thorough, they usually lack information and were 
conducted in hugely differing environments. Especially differences in hardware (i.e., how many 
CPUs were used), additional software (i.e., the DF implementation that was used in comparisons) 
as well as other optimizations that might or might not have been applied make it almost impossible 
to compare two methods based on literature review.
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Those problems might be attributed to the time ranges that the research was conducted over. It 
follows logically that an older method can not compare itself to something that was developed later 
in time, but as we saw in the literature review: Researchers seldomly compare a newly developed 
method against other “competing” ideas, which might be due to the fragmentation issues outlined 
above. The only baseline that seems to exist is the DF/RI method, since it is already widely 
adopted in the field and available in most quantum chemistry libraries.

This observation was the motivation for this thesis: There should exist a comparative review of the 
distinctive low-rank approximation approaches involving the ERI. Therefore, the following chapters 
will discuss the implementation and comparative benchmarking of some of the described methods. 
The implementation should be as accessible as possible and will therefore be developed using the 
open source Python framework PySCF73 as well as standard numerical computing utilities. We 
will not use any additional optimizations like integral screening, to facilitate a “fair” comparison. 
All methods will be tested on a unified set of molecules.
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5 Implementation
To address the issues outlined in the previous chapters, we developed the software library libthc. 
It implements the basic infrastructure to build ERI approximations as well as five of the THC 
building approaches presented in Section 4. The basis for the implementations is provided by the 
quantum chemistry package PySCF73, which was chosen because its code is available under a 
permissive Apache-2.0 license, and it uses the accessible Python programming language. We chose 
to implement the following methods, as we aimed to compare the mathematically distinct ways to 
compute the THC approximation:

• LS-THC: The standard least-squares derivation approach (Section 4.4)
• CD-LS-THC: LS-THC with Cholesky Decomposition based grid pruning (Section 4.6)
• ISDF-QR: ISDF with sketchy pivoting using QRCP (Section 4.5)
• ISDF-KM: ISDF using K-Means clustering (Section 4.5)
• DF-THC: Density fitting approximated THC (Section 4.6)

In the following sections, we will delineate the implementations in pseudocode. We will also 
outline the parameters of each method. This should provide a baseline for other research teams to 
validate and reproduce the results achieved in this thesis. The actual implementations use PySCF, 
NumPy115 and SciPy116. For all integrals, we used the PySCF module wrapping libcint117. All 
tensor contractions were computed with the PyTBLIS library82.

It should be noted that we did not implement DF, BTD or CPD based approximations. For 
DF, we used the mature implementation in PySCF. Some numerical experiments were conducted 
with BTD, but the calculation of the electrostatic integral is not supported in libcint yet. While 
CPD based improvements for quantum calculations seem promising, the fastest ways to derive the 
CPD are based upon the THC and DF approximations. Therefore, we decided that arriving at a 
“production-ready” THC implementation provides the biggest immediate benefit to the field.

LS-THC: As one of the simplest ways to compute the THC, we implemented the method suggested 
by Hohenstein, E. G.; Fales, B. S.; Parrish, R. M.; Martínez, T. J. 92. Algorithm 5 outlines the 
procedure. We start by constructing the Becke grid. The actual implementation uses the DFT grid 
module from PySCF to construct the grid. The most expensive operation of Algorithm 5 is the 
contraction with the ERI or the DF factors. The procedure is displayed for the AO case, but can 
easily be adapted to the MO basis by only contracting 𝑿 with the MO coefÏcients and fitting 
against the MO transformed ERI (or the respective DF factors). The only tunable parameter used 
in the original publication was the threshold in the pseudoinversion procedure. Since the procedure 
is always solving the full eigenvalue problem on 𝑺, this parameter can be set to a low value like 1 ⋅ 10−10; therefore, we will not discuss it further. Alternatively, the algorithm might be tuned by 
using specialized grids with lower density.

CD-LS-THC: The improved version of LS-THC suggested by Matthews, D. A. 106 is conceptu
ally very similar to the procedure from Algorithm 5. The added step consists of the Cholesky 
Decomposition of the metric matrix 𝑺. This is achieved in our implementation using the Accel
erated-RPCholesky procedure proposed by Epperly, E. N.; Tropp, J. A.; Webber, R. J. 36 (see 
sec-cholesky). The actual code does not instantiate the full 𝑺 matrix but uses a submatrix function 
which computes parts of 𝑺 on the fly. This leads to a very low empirical computational pre-factor 
and linearly growing memory usage. The parameter 𝜆 controls the variance cutoff on the diagonal, 
which will be used in the pivoting. The CD procedure provides the Cholesky factors as well as 
the numerical rank and sequence of the pivot columns. From here we can select a new “pruned” 
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Algorithm 5:  Least Squares THC

1: procedure LS-THC(Basis functions 𝜑𝜇) 
2: 𝒈, 𝒘 ← build Becke grid and weights
3: 𝑿𝑃𝜇  ← 4√𝑤𝑃 ⋅ 𝜑𝜇(𝑔𝑃 ) ▷ Multiply with MO factors if needed
4: 𝑿𝑃𝜇𝜈 ← contract(𝑿𝑃𝜇 𝑿𝑃𝜈 )
5: 𝑺𝑃𝑄 ← contract(𝑿𝑃𝜇𝜈𝑿𝑄𝜇𝜈)
6: 𝑺+ ← pseudoinvert(𝑺)
7:
8: if density fitting enabled then
9: 𝑳𝐾𝜇𝜈 ← get DF cholesky factors ▷ Transform to MO basis if needed
10: 𝒀 𝑃𝐾  ← contract(𝑳𝐾𝜇𝜈𝑿𝑃𝜇𝜈)
11: 𝑬𝑃𝑄 ← contract(𝒀 𝑃𝐾 𝒀 𝑄𝐾 )
12: else  
13: 𝑬𝑃𝑄 ← contract(𝑿𝑃𝜇𝜈(𝜇𝜈|𝜆𝜎)𝑿𝑄𝜆𝜎) ▷ Alternatively use MO transformed ERI
14: end
15:
16: 𝒁𝑃𝑄 ← contract(𝑺+𝑬𝑺+)
17:
18: return 𝑿, 𝒁
19: end

version of the 𝑿 matrix we call 𝑿′. This matrix is used throughout the rest of the algorithm. The 
full procedure is outlined in Algorithm 6.

ISDF-QR: The ISDF with QRCP procedure in Algorithm 7 represents a mixture of the method 
described by Lu, J.; Ying, L. 7 and the adapted version by Lee, J.; Lin, L.; Head-Gordon, M. 103. 
As a first step, the sketching matrix is built the same way that was suggested by the original 
publication, with the addition of including the grid weights. The sketching matrix is decomposed 
using a QRCP procedure, which yields the interpolation points as its pivots. Similar to CD-LS-
THC, we derive a pruned version of the 𝑿 matrix and work with that. From there we pseudoinvert 
the resulting pruned version of the metric matrix and use it to calculate the 𝒁 matrix by fitting 
on the coulomb integrals of an auxiliary basis set. ISDF-QR takes two parameters: The pruning 
error cutoff 𝜀 is used to identify significant grid points, which have a higher diagonal value in 𝑹. The 𝑟 value determines the degree of truncation imposed by the sketching. The process will 
retain 𝑁basis ⋅ 𝑟 rows in the sketching matrix, reducing the dimensions of 𝑴  from 𝑁2basis to 𝑁basis ⋅ 𝑟. 
It should be noted that we could select any number of rows from the sketching matrix. The 
scaling with 𝑁basis ensures that the parameter grows with system size and does not require manual 
intervention.

ISDF-KM: In the improved version of ISDF proposed by Lee, J.; Lin, L.; Head-Gordon, M. 103, 
the QRCP method is replaced by the K-Means clustering procedure suggested by Dong, K.; Hu, 
W.; Lin, L. 102. The algorithm is sketched out in Algorithm 8. The algorithm determines the cluster 
centers for each atom’s Becke grid in turn. Unfortunately, we have to connect a weight to the grid 
point, and we can not trivially compute a new Becke weight that is consistent with the rest of the 
existing grid. Therefore, we chose the interpolation points as the subset of points in the parent grid 
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Algorithm 6:  Cholesky Decomposition pruned LS-THC

1: procedure CD-LS-THC(Basis functions 𝜑𝜇, Cholesky threshold 𝜆) 
2: 𝒈, 𝒘 ← build Becke grid and weights
3: 𝑿𝑃𝜇  ← 4√𝑤𝑃 ⋅ 𝜑𝜇(𝑔𝑃 ) ▷ Multiply with MO factors if needed
4: 𝑿𝑃𝜇𝜈 ← contract(𝑿𝑃𝜇 𝑿𝑃𝜈 )
5: 𝑺𝑃𝑄 ← contract(𝑿𝑃𝜇𝜈𝑿𝑄𝜇𝜈)
6:
7: ▷ Returns 𝑺 ≈ 𝑹𝑇 𝑹, permutation matrix 𝚷 and numerical rank 𝑘
8: 𝑹, 𝚷, 𝑘 ← Accelerated-RPCholesky(𝑺, 𝜆)
9: 𝑿′ ← (𝚷𝑿)1:𝑘𝜇
10:
11: if density fitting enabled then
12: 𝑳𝐾𝜇𝜈 ← get DF cholesky factors ▷ Transform to MO basis if needed
13: 𝒀 𝑃𝐾  ← contract(𝑳𝐾𝜇𝜈𝑿′𝑃𝜇𝜈)
14: 𝑬𝑃𝑄 ← contract(𝒀 𝑃𝐾 𝒀 𝑄𝐾 )
15: else  
16: 𝑬𝑃𝑄 ← contract(𝑿′𝑃𝜇𝜈(𝜇𝜈|𝜆𝜎)𝑿′𝑄𝜆𝜎) ▷ Alternatively use MO transformed ERI
17: end
18:
19: 𝑨 ← solve(𝑹𝑇 , 𝑬)
20: 𝑩𝑇  ← solve(𝑹𝑇 , 𝑨𝑇 )
21: 𝑪 ← solve(𝑹, 𝑩)
22: 𝒁𝑇  ← solve(𝑹, 𝑪𝑇 )
23:
24: return 𝑿′, 𝒁
25: end

that are closest to the cluster centroids. To efÏciently solve this problem, we employ a k-d-Tree 
structure118. This binary tree can be constructed in �혵(𝑛 ⋅ (𝑘 + log(𝑛))) (𝑛 = 𝑁grid, 𝑘 = 3), occupies �혵(𝑛 ⋅ 𝑘) memory and allows querying for nearest neighbors in �혵(log 𝑛) time. For the weighted K-
Means procedure, we compute the normalized squared amplitude of the AO wave-functions. We do 
not use the Becke weights directly like the original publication, as it led to ill-behaved calculations. 
We also decided against using the same parameter as the original publication. They use the size 
of the auxiliary basis, split evenly between atoms as the amount of centroids. In preliminary tests, 
this approach produced high error rates for systems with an uneven ratio of elements (i.e., more 
hydrogen than carbon). We attribute this failure to the oversampling of the hydrogen atoms, 
which stems from all atom types being assigned the same number of cluster centers. We therefore 
employed a different strategy, where the number of clusters for an atom is determined by the size 
of the atom grid (PySCF uses different densities for each element) scaled by a value 𝑘.

DF-THC: As put forward by Hillers-Bendtsen, A. E.; Martínez, T. J. 96, the THC can also be 
computed by approximating the 𝒁 matrix with the center DF Coulomb integral (𝐾|𝐿). We named 
this approach Density Fitting THC (DF-THC) and the pseudocode can be found in Algorithm 9. 
The method is fairly straightforward, especially when compared to the more complex ISDF 
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Algorithm 7:  ISDF QRCP

1: procedure ISDF-QR(Basis functions 𝜑𝜇, Pruning threshold 𝜀, Sketching rows 𝑟) 
2: 𝒈, 𝒘 ← build Becke grid and weights
3: 𝑿𝑃𝜇  ← 4√𝑤𝑃 ⋅ 𝜑𝜇(𝑔𝑃 )
4: 𝑲𝑃𝜇𝜈 ← contract(𝑿𝑃𝜇 𝑿𝑃𝜈 )
5: 𝜂𝜇𝜈 ← random-unit-complex()
6: 𝑲 ← 𝜂𝑲 ▷ Multiply each row by a random complex number
7: 𝑭  ← FFT(𝑲) ▷ Column-wise FFT
8: 𝑴  ← take 𝑁basis ⋅ 𝑟 rows randomly from 𝑭
9:
10: 𝑸, 𝑹, 𝚷 ← QRCP(𝑴)
11: 𝒅 ← diag(𝚷)
12: 𝑘 ← len(𝒅) where 𝒅 > (𝒅1 ⋅ 𝜀)) ▷ Determine numerical rank
13: 𝑿′𝑃𝜇  ← (𝚷𝑿)1:𝑘𝜇 ▷ Find interpolation points
14: 𝑺𝑃𝑄 ← contract(𝑿′𝑃𝜇𝜈𝑿′𝑄𝜇𝜈)
15: 𝑺+ ← pseudoinvert(𝑺)
16:
17: Build auxiliary basis 𝜒𝐾
18: 𝑮𝐾𝐿 ← compute 2-center integrals (𝐾|𝐿)
19: 𝑮𝐾𝜇𝜈 ← compute 3-center integrals (𝜇𝜈|𝐾) ▷ Transform to MO basis if needed
20: 𝑩𝑃𝐾 ← contract(𝑮𝐾𝜇𝜈𝑿′𝑄𝜇𝜈 [𝑺+]𝑃𝑄)
21: 𝑫𝑃𝐿  ← contract(𝑩𝑃𝐾[𝑮−12 ]𝐾𝐿)
22: 𝒁𝑃𝑄 ← 𝑫𝑃𝐿 𝑫𝑄𝐿
23:
24: return 𝑿′, 𝒁
25: end

procedures. This approach would be quite costly (it is one of the expensive operations in LS-THC). 
We avoid the inversion by using the Cholesky Decomposition of the Coulomb integral. This allows 
us to use linear least-squares solving techniques, which are numerically stable and readily available 
in NumPy. The parameters that can be tuned are the choice of the auxiliary basis set and the 
threshold for the pivoted CD.
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Algorithm 8:  ISDF with K-Means Clustering

1: procedure ISDF-KM(Basis functions 𝜑𝜇, Cluster multiplier 𝑘) 
2: 𝑿′ ← ∅
3: for 𝑎 ∈ 𝑁atoms do
4: 𝒈, 𝒘 ← build atomic Becke grid
5: �혵 ← k-d-Tree(𝑔)
6: 𝑿𝑃𝜇  ← 4√𝑤𝑃 ⋅ 𝜑𝜇(𝑔𝑃 )
7: 𝝆𝑃  ← ∑𝜇 (𝑿𝑃𝜇 )2
8: 𝝆𝑃  ← 𝝆𝑃 / ∑𝑃 𝝆𝑃
9: 𝑛cluster ← 𝑘 ⋅ len(𝑔)
10:
11: ▷ Perform clustering on grid coordinates with density as weight
12: 𝒄 ← K-Means(𝑛clusters, 𝒈, 𝒅)
13: 𝒈′ ← Nearest-Neighbors(�혵, 𝒄) ▷ Query for points closest to cluster centroids
14: 𝑿′ ← 𝑿′ ∪ (𝑿𝑃𝜇 where 𝑃 ∈ 𝑔′)
15: end
16:
17: 𝑺𝑃𝑄 ← contract(𝑿′𝑃𝜇𝜈𝑿′𝑄𝜇𝜈)
18: 𝑺+ ← pseudoinvert(𝑺)
19:
20: Build auxiliary basis 𝜒𝐾
21: 𝑮𝐾𝐿 ← compute 2-center integrals (𝐾|𝐿)
22: 𝑮𝐾𝜇𝜈 ← compute 3-center integrals (𝜇𝜈|𝐾) ▷ Transform to MO basis if needed
23: 𝑩𝑃𝐾 ← contract(𝑮𝐾𝜇𝜈𝑿′𝑄𝜇𝜈 [𝑺+]𝑃𝑄)
24: 𝑫𝑃𝐿  ← contract(𝑩𝑃𝐾[𝑮−12 ]𝐾𝐿)
25: 𝒁𝑃𝑄 ← 𝑫𝑃𝐿 𝑫𝑄𝐿
26:
27: return 𝑿′, 𝒁
28: end
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Algorithm 9:  Density Fitting THC

1: procedure DF-THC(Basis functions 𝜑𝜇, Cholesky threshold 𝜆) 
2: 𝒈, 𝒘 ← build Becke grid and weights
3: Build auxiliary basis 𝜒𝐾
4:
5: 𝑿𝑃𝜇  ← 4√𝑤𝑃 ⋅ 𝜑𝜇(𝑔𝑃 ) ▷ Multiply with MO factors if needed
6: 𝑮𝐾𝐿 ← compute 2-center integrals (𝐾|𝐿)
7: 𝑨𝑃𝐾 ← √𝑤𝑃 ⋅ 𝜒𝐾(𝑔𝑃 )
8:
9: 𝑳, 𝚷, 𝑘 ← Cholesky-Decompose(𝑮, 𝜆)
10: 𝒀 𝑇  ← solve(𝑨𝑇 , (𝚷𝑳))
11: 𝒁𝑃𝑄 ← contract(𝒀 𝑃𝐶 𝒀 𝑄𝐶 )
12:
13: return 𝑿, 𝒁
14: end
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6 Experimental Validation
One of the stated goals of this thesis was to fairly compare the respective approximation methods 
in a unifying benchmark. For this purpose, we derived a benchmarking method inspired by the 
validation techniques used by Parrish, R. M.; Hohenstein, E. G.; Martínez, T. J.; Sherrill, C. D. 
83 and Matthews, D. A. 106 that should fulfill the following goals:

1. Test a varied range of systems (see Figure 1)
2. Check the numerical and chemical validity of the approximations
3. Show the empirical runtime scaling of the different methods.

As test-data molecules we chose sets of alkane chains, linear acenes or fused benzene rings and 
water clusters. These structures involve the common elements carbon, hydrogen, and oxygen. They 
can be extended systematically, which makes them perfectly suited for analyzing the computational 
complexity our method exhibits with growing system size. They also possess different geometries, 
the alkanes being stretched along one dimension, the acenes being somewhat two-dimensional 
and the water clusters forming dense three-dimensional clusters. We generated sets of molecules 
for different system sizes, which we will denote with 𝑁  (i.e., an alkane chain with 𝑁 = 1 is just 
methane). The alkanes and acenes were built using the chemo-informatics framework RDKitF.4. 
The structures were optimized using a classical force field. The water clusters were generated using 
PACKMOL119. The packing algorithm was configured to keep a steady density in the cluster. All 
software versions used are specified in Appendix C.

For each of the chosen systems, we start the benchmark by running the SCF algorithm to form a 
converged density matrix. From this we call the method under test and build the THC matrices. 
To verify the validity of our approximations, we chose to calculate the electron-electron repulsion 
term from Eq. (4.22) which we will call HF-JK, as well as the MP2 energy correction. This allows 
us to test approximations both in the AO and MO basis. It should also provide more insight 
about the chemical relevance of the approximation compared to a more brute-force metric like the 
ERI norm-distance. We targeted the correlation-consistent double zeta basis cc-pVDZ85. It is big 
enough for calculations like MP2, and it is used by most of the other publications examined in 
Section 4. As auxiliary basis we used cc-pVDZ-RI120 for all MP2 calculations and cc-pVDZ-JKfit121 
for the HF-JK calculations. Each basis is optimized for the targeted calculation. All computations 
used double precision (64 bit) floating point numbers.

We compare energies resulting from our calculations to canonical energies computed using PySCF. 
We used the PySCF implementation of DF, MP2 and HF throughout all tests. We will explicitly 
state if we are comparing our measured result against the canonical value or a result computed 
using DF. For the error measurements, we will use absolute value in Hartree as well as relative 

Figure 1:  Alkane chains, linear acenes (fused benzene rings), water clusters used for testing.

F.4https://www.rdkit.org/

52

https://www.rdkit.org/


error percentages. Since the absolute values of HF-JK and MP2 vary by 3 to 4 orders of magnitude, 
the relative error often works better to judge approximation performance. Wall times will be given 
in seconds and are calculated using the Python built-in utilities. All graphics were created using 
Pandas122 as well as the plotnineF.5 library.

For this work the HPC-cluster Hummel-2 at University of Hamburg was used. The cluster was 
funded by Deutsche Forschungsgemeinschaft (DFG, German Research Foundation) – 498394658. 
All calculations were run on a 96-Core AMD EPYC 9654 CPU having access to 384GB of RAM. 
We configured all NumPy, SciPy, TBLIS and scikit-learn procedures to use the full amount of 
available cores wherever it was possible to do so.

6.1 Parameter Search
As we outlined in Section 5, most of the algorithms we want to test provide parameters to tune 
them to the desired calculation. The first task at hand is therefore to find a set of parameters 
that will be used in the course of the benchmark. Since most of the parameters are numbers, an 
exhaustive search for the optimal parameter value is impossible and one must resort to sampling. 
We chose value ranges based on the suggested values in the literature (if they exist) and calculated 
our target metrics (HF-JK and MP2 energies) for a single benzene molecule (linear acene 𝑁 = 1). 
We aim to find parameter values that properly converge the errors for our target cc-pVDZ basis. 
We also included calculations for the bigger cc-pVTZ basis in order to verify that the observed 
parameter behavior is independent of the basis set used. To judge whether the approximation is 
successful, we calculated reference values with and without applying DF. Since we use the DF 
integrals for fitting, we expected to see the methods converging at a similar error level as the DF 
approximation. All error plots in the following section will indicate the error made by DF-MP2 or 
DF-HF-JK as a dashed line. Comparisons are made against the canonical value.

LS-THC: While there is no direct numerical parameter for this method, we should still be able 
to increase the approximation quality by using a denser grid. For this reason, we implemented 
multiple grid pruning strategies that decrease the density of the PySCF grid, which is very dense 
even on the lowest setting (≈ 500 points per atom). In Figure 2 we show how a denser grid affects 
the observed energies. Since we fit to the DF ERI it is clear that the default pruned grid (P1) as 
well as the grid with no pruning at all (P0) provided good approximations in both calculations. As 
implementing manual pruning is a delicate process, and we would like to observe the effectiveness of 
automated grid pruning, we will use the default pruning strategy of PySCF (P1) during our tests.

Figure 2:  Effects of the grid density on the LS-THC error metrics for a benzene molecule (cc-pVDZ).

F.5https://plotnine.org/
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CD-LS-THC: The only tunable parameter is the pruning threshold of the pivoted CD. From 
Figure 3 we can see that the smaller we set the value, the smaller the approximation error becomes. 
This is the expected result since smaller values will lead to more grid points being selected, 
increasing the accuracy of the quadrature. Therefore, we chose 𝜆 = 1 ⋅ 10−8 as the threshold value. 
It seemed to offer satisfactory convergence in cc-pVDZ. This value does not fully agree with the 𝜆 = 1 ⋅ 10−6 suggested by Matthews, D. A. 106, the probable reason being that the publication did 
not consider the AO basis and the suggested value also converged cc-pVDZ in the MP2 calculation. 
The cc-pVTZ results imply that for bigger basis sets a less aggressive pruning parameter should 
be chosen.

Figure 3:  Effects of the CD-LS-THC cholesky pruning threshold 𝜆 on the error metrics for a benzene molecule (cc-
pVDZ, cc-pVTZ).

ISDF-KM: For the cluster multiplier parameter, we can see a clear effect on the approximation 
quality. The PySCF atomic grids without pruning are dense (≈ 10, 000 points per carbon atom) 
and the algorithm must invert a 𝑛centroid × 𝑛centroid matrix. Therefore, we chose a low sample range 
of only 0.1% − 5% of the parent atomic grid. This parameter range yielded metric matrices of 
decent size as well as sufÏcient approximation performance. For our benchmarks, we chose 𝑘 = 2% 
for both the MO and the AO basis, as we saw the method converge the error in cc-pVDZ using 
this setting (Figure 4).

Figure 4:  Effects of the ISDF-KM cluster multiplier 𝑘 on the error metrics for a benzene molecule (cc-pVDZ, cc-pVTZ).

ISDF-QR: This algorithm possesses multiple tunable parameters. This makes the parameter 
search more difÏcult, since we would have to consider the product space of both the QR pruning 
threshold 𝜀 and the sketching parameter 𝑟. Therefore, we considered the parameters to be inde
pendent of one another and started from values provided by literature (Lu, J.; Ying, L. 7 suggest 𝜀 = 1 ⋅ 10−6 as well as 𝑟 = 20). In our tests we found both values to work well for our calculations. 
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The resulting error metrics are displayed in Figure 5. We can see that both parameters have a clear 
impact on the quality of our approximations, which diminishes at a certain point. We therefore 
chose to use 𝜀 = 1 ⋅ 10−6 and 𝑟 = 20 for our benchmark.

Figure 5:  Effects of the ISDF-QR sketching and pruning parameters the error metrics for a benzene molecule (cc-
pVDZ, cc-pVTZ). For each of the measurements, the second parameter was set to 𝜀 = 1 ⋅ 10−6 and 𝑟 = 35 respectively.

DF-THC: We wanted to observe whether we could improve our approximation without tuning 
the grid density. Therefore, we altered the auxiliary basis set that was used to approximate the 
center matrix. We tested correlation consistent basis sets of increasing size including augmented 
basis sets that add more diffuse functions. We can see from Figure 6 that while the error decreased 
with more auxiliary basis functions, they seem to be detrimental to the HF-JK calculation. We 
can also confirm the observation of Hillers-Bendtsen, A. E.; Martínez, T. J. 96 that it produces 
results of lower fidelity than our other methods, especially in the AO basis. For the following tests, 
we chose the aug-cc-pVDZ-RI basis set. It is one of the smallest sets we tested, which should lower 
the computational burden in the triangular solve, and it yielded one of the lowest errors in the 
MP2 and HF-JK calculations. Since the method also involves a pivoted CD, we also tested several 
threshold values and found the error converging from vales of 1 ⋅ 10−6 onward. We still decided 
to use a higher value 𝜆 = 1 ⋅ 10−10 since we wanted to come as close as possible to the original 
publication which used a full (non-pivoted) CD.
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Figure 6:  Effects of the DF-THC parameters set on the error metric for a benzene molecule (cc-pVDZ).

Overall, we can conclude that all approximations (except DF-THC) seem to be capable of 
producing approximations with a similar fidelity as DF. This is an encouraging result, since DF 
is widespread and its error levels are low enough for many real-world applications. All chosen 
parameters are presented in Table 1.

Table 1:  Parameters chosen in the parameter search that will be used in the method benchmarking.

Approximation Method Parameter Value
LS-THC Grid density Default pruning
CD-LS-THC Cholesky Threshold 𝜆 1 ⋅ 10−8
ISDF-KM Cluster multiplier 𝑘 0.02

Pruning threshold 𝜀 1 ⋅ 10−6ISDF-QR
Sketching rows 𝑟 20
Auxiliary Basis aug-cc-pVDZ-riDF-THC

Cholesky Threshold 𝜆 1 ⋅ 10−10
6.2 Full Comparative Benchmark on Small Systems
With the chosen set of parameters we computed the approximations and the energy metrics on our 
test-data. We wanted to measure the overall runtime of the procedures as well as their accuracy. 
We limited our test-data to systems that would amount to 𝑁basis < 700 functions in the cc-pVDZ 
basis. This amount was enough to cover a variety of geometries while converging the scaling close 
to the empirical asymptotic regimes we expected for the methods. In the following paragraphs we 
will present the results for each method as well as a comparative overview. For each method we 
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collected data on the errors made compared to the canonical and DF versions of the calculation 
as well as the full time it took to compute the THC approximation. Our timings do not include 
the runtime of the SCF algorithm. To derive an estimated exponent for the observed empirical 
scaling, we used a linear regressor on the logarithmized dataset. We used a weighted L2-regularized 
regression model with the normalized amount of basis functions as weights. This was done in order 
to compensate for the non-representative nature of small systems. On the following pages we will 
present the results of this benchmark. We will only show the comparative plots here. Plots for 
each of the methods with the fitting curve derived by the regressor can be found in Appendix A. 
The MP2 energies were computed without Laplace quadrature to isolate the error made by THC.

Figure 7:  Runtimes of the approximation methods on the test set.

Figure 8:  MP2 errors of the approximation methods on the test set.
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Figure 9:  HF-JK errors of the approximation methods on the test set.

Figure 10:  Ratios of pruned to parent grids for the approximation methods that implement grid pruning.

Table 2:  Empirical runtime scaling with the input system size of the tested ERI approximation methods as well as 
average THC build times per atom. The exponents were estimated with a weighted linear regression model.

Method Avg. Build Time / 
Atom (AO)

Avg. Build Time / 
Atom (MO)

Exponent
(AO)

Exponent
(MO)

LS-THC 6.95𝑠 6.90𝑠 3.33 3.33
CD-LS-THC 0.18𝑠 0.20𝑠 2.37 2.35
ISDF-QR 4.44𝑠 4.42𝑠 3.15 3.16
ISDF-KM 0.56𝑠 0.59𝑠 2.17 2.12
DF-THC 0.13𝑠 0.13𝑠 2.08 2.08
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Table 3:  Average and maximum relative errors of the approximation methods when compared to canonical MP2 
calculations.

Method Avg. Rel. Error
(HF-JK)

Avg. Rel. Error
(MP2)

Max. Rel. Error
(HF-JK)

Max. Rel. Error
(MP2)

DF/RI 1.412 ⋅ 10−6% 2.830 ⋅ 10−4% 5.684 ⋅ 10−6% 4.475 ⋅ 10−4%
LS-THC 2.645 ⋅ 10−6% 2.833 ⋅ 10−4% 9.034 ⋅ 10−6% 4.490 ⋅ 10−4%
CD-LS-THC 2.463 ⋅ 10−6% 2.822 ⋅ 10−4% 8.447 ⋅ 10−6% 4.501 ⋅ 10−4%
ISDF-QR 2.814 ⋅ 10−6% 2.816 ⋅ 10−4% 1.172 ⋅ 10−5% 4.539 ⋅ 10−4%
ISDF-KM 3.871 ⋅ 10−6% 2.869 ⋅ 10−4% 1.319 ⋅ 10−5% 4.507 ⋅ 10−4%
DF-THC 1.474 ⋅ 10−3% 4.632 ⋅ 10−4% 3.826 ⋅ 10−3% 1.086 ⋅ 10−3%

In general, we can see that all methods were able to achieve results with error margins that should 
be usable in real-world scenarios. While DF-THC offers the fastest results, it also delivers the 
lowest quality approximations. This is especially true for the HF-JK calculation where DF-THC 
delivers results almost three orders of magnitude less precise than the other methods. The second-
fastest method is CD-LS-THC which offers a lot higher quality results (on par with DF in many 
cases) although with a higher empirical scaling, already visible on our small systems. The generally 
better runtime performance in the AO basis through most of the methods is largely due to the 
required AO to MO transformation. We also observed that relative errors in the HF-JK calculation 
were about two orders of magnitude lower for almost all methods including DF. The error per 
electron of the THC approximation seems to be additive to the error made by DF. Across all 
methods (except DF-THC) we observed very tight fits to the DF errors. This confirms observations 
made by Parrish, R. M.; Hohenstein, E. G.; Martínez, T. J.; Sherrill, C. D. 83 and Matthews, D. A. 
87, who attribute this additive behavior to the localized nature of the Coulomb-operator. We will 
now collect some observations we made about the behavior of each of the tested approximation 
methods.

LS-THC: As this method presented the baseline for our test, it was quite encouraging to see it 
reproduce error rates that were close to the observations made by Parrish, R. M.; Hohenstein, E. 
G.; Martínez, T. J.; Sherrill, C. D. 83. We observed steady error rates per electron, which seem to 
be tightly fit the DF error. Similar to the original publication, the method performed best in the 
MP2 calculation on water clusters, which the authors attributed to the sparser nature of the ERI 
in those systems. Another notable difference lies in the elevated error rates produced when used 
in the AO ERI calculations of the alkane chains, which the original publication did not compute. 
Our theory is that this shows the limitations of the grid based approach, and we will elaborate 
on this further in Section 7. On the test set, we observed the method converging to an empirical 
scaling upward of 𝑁3basis (see Table 2), which implies that the systems were not yet big enough 
to converge the method to its formal �혵(𝑁4basis) complexity scaling. Overall, the method took the 
longest to compute approximations, which can be mainly attributed to the large THC projection 
space (the unpruned grid), which leads to expensive contractions with the DF ERI as well as a 
high pre-factor due to the metric matrix inversion. In our tests, we found that the pseudoinversion 
of the grid metric matrix took considerably more time in the AO basis than in the MO basis, 
while selecting a higher number of eigenvalues in the MO basis. Since the rest of the algorithm 
was identical, this likely shows that the metric matrix in the AO basis is numerically more ill-
conditioned than in the MO basis. While we were able to mitigate this effect by setting matrix 
elements smaller than 1 ⋅ 10−15 to zero, the effect can still be seen from the higher average runtime 
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of LS-THC (see Table 3). The worse runtime of the pseudoinversion even outweighed the AO to 
MO transformation.

CD-LS-THC: While being similar to LS-THC, the method achieved greater performance. In most 
of our test cases it delivered approximations that matched LS-THC closely. It even outperformed 
LS-THC in precision on some HF-JK calculations. Those calculations do not seem to correlate as 
much with the grid density. The considerable gains in speed of more than an order of magnitude 
can be explained by it overcoming most limitations inherent in LS-THC: The grid pruning leads to 
a reduced projection space, and it exchanges the expensive metric matrix inversion for a series of 
triangular solving steps, which are in turn sped up by the pruned grid. The most expensive steps 
in the method are the contraction with the DF ERI as well as its AO to MO transformation. The 
Cholesky Decomposition seems to only add a small contribution to the computational pre-factor. 
The Accelerated-RPCholesky method was able to calculate decompositions even for vast grids 
(> 100, 000 points) in a matter of minutes, while fully utilizing available CPU cores. The amount 
of grid points chosen seems to be sensitive to the geometry of the system. Figure 10 shows that 
the CD procedure selected ≈ 25 − 30% of the parent grid for water clusters while using another ≈ 5 − 10% more points for the less-dense systems.

ISDF-QR: As the method is different from the LS-THC approach and does not share the same 
derivation, we were surprised that it generally achieved comparable error levels. The most time in 
the procedure was taken for computing the QRCP. This is aligned with the observations collected 
by Qin, X.; Hu, W.; Yang, J. 56 and Dong, K.; Hu, W.; Lin, L. 102 who describe the QRCP as 
the computational expensive step in the algorithm. ISDF-QR was also the algorithm that required 
the most memory. Since for the QRCP, a full 𝑁2basis × 𝑁grid needs to be stored (at least when used 
with the LAPACK implementation of QRCP). The QRCP selected a similar amount of grid points 
as the Cholesky Decomposition in CD-LS-THC (see Figure 10). ISDF-QR is the method with its 
empirical runtime scaling closest to the formal �혵(𝑁4basis) complexity. For this method we can also 
see a very slightly decrease in runtime when used to fit the MO ERI. As the grid pruning strategy 
only uses the AO basis values, we attribute this behavior to the pruning dominating the runtime 
overshadowing the time taken for the AO to MO transformation by fluctuations in runtime.

ISDF-KM: As expected, eliminating the costly QRCP decomposition from the ISDF procedure 
enabled it to produce results up to an order of magnitude faster than ISDF-QR. It is clear though, 
that the method trades computational speed for higher error margins. In all our test sets (except 
the fused benzene rings in the HF-JK calculation) the error made by ISDF-KM is higher than 
the one made by ISDF-QR. The higher accuracy of the QRCP pruning might be the explanation: 
While the K-Means algorithm depends on a set of heuristics (i.e., the cluster multiplier parameter 
and random initial guess of the centroids), the QRCP processes the full co-density and chooses 
accurate pivots by their columns Euclidean norm. It is therefore not surprising that the pivots of 
ISDF-QR will generally yield a “better” sub-grid. The K-Means clustering process was slower in 
our tests than the pivoted CD in CD-LS-THC. The small overhead in the fitting of the MO basis 
ERI was similar to CD-LS-THC and can be attributed to the AO to MO transformation.

DF-THC: This method was able to deliver results faster than all other methods we tested and 
shows quadratic empirical scaling with 𝑁basis. We already expected that it would yield the lowest 
fidelity approximations as it was described as less precise by Hillers-Bendtsen, A. E.; Martínez, 
T. J. 95. Surprisingly enough, in absolute terms, the method was able to achieve reasonable errors 
(in the milli-Hartree regime) in the MO basis MP2 calculations. Its accuracy was more aligned to 
the other methods, especially on the fused benzene systems where it came closer to the canonical 
value than the other methods. In the AO basis it produced relative and absolute errors that were 
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at least two orders of magnitude higher than the ones produced by the other methods as well as 
DF. We should also note that the output of the method in our current implementation is still 
suboptimal for subsequent calculations since the result 𝑿 matrix spans a full, unpruned version 
of the grid. We were hesitant to lower the grid density though as the error margins produced by 
the algorithm were still high. As we expected, calculations in the AO basis were just as fast as in 
the MO basis, since the algorithm fully shifts the problem into the auxiliary basis.

Overall, it should be noted that our implementations of the approximation methods do not yet 
make optimal use of CPU and RAM. While we tried to efÏciently use the system’s resources, we 
heavily relied on the automatic contraction path determination in TBLIS. We found in our testing 
that while the program generally saturated the available CPU cores, some contractions like the 
one used for building the 𝑯 tensor in Algorithm 3 would present computational bottlenecks even 
with TBLIS determining an “optimal” contraction path. Due to time constraints we also could not 
optimize all methods for proper RAM usage, by fully exploiting the symmetry properties inherent 
in the co-density and ERI objects. While the 384GB of RAM was more than enough to process 
systems with 𝑁basis < 700, our implementations regularly used more than this when used on bigger 
systems.

6.3 Calculating Bigger Systems
In order to properly evaluate the achievable performance and therefore the practical feasibility of 
THC based ERI approximations, we conducted a second round of benchmarking, only using the 
CD-LS-THC algorithm. We chose it because it was one of the fastest algorithms in our previous 
test-set and produced reasonably low error rates as well as a much reduced projection space. 
We implemented an improved version of Algorithm 6 which computes the expensive DF ERI 
contraction with the co-density in blocks. The new implementation also takes advantage of the 
4-fold symmetry of the co-density and ERI matrices (see Section 4.1). This allows for proper 
RAM utilization while not over-allocating memory. With this implementation, we were able to 
calculate bigger systems of water clusters up to 𝑁 = 65 (𝑁basis ≈ 1500). As a canonical calculation 
of MP2 would be very expensive for systems of this size (at least when done with PySCF), we 
only calculated the DF-MP2 results to provide a comparison. For this benchmark, we used an 
implementation of the Laplace-quadrature MP2 procedure shown in Algorithm 3 (THC-LT-MP2), 
which also employs block-based computations to conserve RAM usage. We used 10 quadrature 
points, which provided calculated values that matched the DF-MP2 energies to milli-Hartree 
margins. We also measured the time taken to compute the 𝐽  term since we could stop the algorithm 
early and return the SOS approximation to the MP2 energy (THC-LT-SOS-MP2). The results are 
presented in Figure 11 and Figure 12 together with their estimated runtime scaling exponents in 
Table 4 and Table 5.

By analyzing Figure 11, we can clearly see a crossover point at which our implementation of THC-
LT-DF-MP2 outperforms PySCF’s DF-MP2. The crossover already happens for systems with 𝑁basis < 300. For the biggest systems we tested (a water cluster with 65 molecules amounting to 𝑁basis = 1560) the full calculation of DF-MP2 took 130 minutes, while THC-LT-MP2 provided a 
result in 40 minutes and the THC-LT-SOS-MP2 result was obtained in just under 12 minutes. 
The empirical scaling exponents displayed in Table 4 also broadly confirm our expectations. 
While we would expect DF-MP2 to exhibit �혵(𝑁5basis) complexity scaling, we did not converge 
into its asymptotic runtime behavior. For the other methods we can also observe exponents that 
broadly conform with theory: �혵(𝑁4basis) and �혵(𝑁3basis) for THC-LT-MP2 and THC-LT-SOS-MP2 
respectively.
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Figure 11:  Runtime of the MP2 algorithms measures versus the input system size.

Table 4:  Empirical runtime scaling with the input system size of the MP2 algorithms. Measured with a weighted linear 
regression model.

Method Scaling Exponent
DF-MP2 3.79
THC-LT-MP2 3.27
THC-LT-SOS-MP2 2.84

We expected THC-LT-SOS-MP2 to produce a high error margin when compared to DF-MP2. Since 
SOS MP2 tries to better fit the actual energy of the system with empirical scaling parameters, the 
DF-MP2 energy is not a fair comparison. THC-LT-MP2 reproduces the DF-MP2 values accurately, 
often up to levels close to machine precision (≈ 1 ⋅ 10−8). The error also does not seem to increase 
with system size. On the contrary, the error per electron slightly decreased for bigger systems, 
while staying underneath 1 ⋅ 10−6 Hartree per electron.

To provide a more detailed analysis, we measured the runtime of various steps in the THC-LT-
MP2 procedure. The timings and the estimated asymptotic scaling exponents are displayed in 
Figure 12 and Table 5. The main runtime determining component is the K-build step. Interestingly 
enough, this is only one of the formally �혵(𝑁4basis) scaling steps in the algorithm, the second being 
the THC-build. It seems as if the size of our test systems did not sufÏce to even converge the CD-
LS-THC algorithm to above cubic empirical scaling, while the K-build step almost exhibits quartic 
scaling for the biggest water clusters. The displayed timings of the Cholesky grid pruning also show 
the efÏciency of the Accelerated-RPCholesky algorithm. We already pointed out that the parent 
grid was a lot denser than the basis (often up to 𝑁grid ≈ 1000 ⋅ 𝑁basis), but the algorithm achieved 
its pruning with such a low computational pre-factor that it did not even exceed cubic empirical 
scaling with 𝑁basis. This is likely due to the low-rank nature of the provided metric matrices. We 
also observed the memory footprint of the CD procedure to be negligible for all systems.

We decided to calculate even bigger systems. We therefore generated a DNA fragment involving 
5 base pairs, converted it into coordinate files using the Open Babel program suite123 and ran the 
THC-LT-SOS-MP2 algorithm. We did not calculate a DF-MP2 energy as a smaller system with 
only 3 base pairs in the cc-pVDZ basis (𝑁basis ≈ 2100) took PySCF’s DF MP2 implementation 
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Figure 12:  Detailed runtimes of steps in THC-Laplace MP2.

more than 11 hours to compute. Due to these limitations, we could not evaluate the accuracy of 
our SOS MP2 results on the DNA fragments. The 5-base pair fragment as well as the resulting 
metrics are displayed in Figure 13. For even bigger systems we eventually faced limitations from 
the PySCF implementation of DF, which writes the full 𝑳𝐾𝜇𝜈 tensor from Eq. (4.13) to disk. This 
amounts to more than 1TB for systems bigger than the 5-base pair fragment.

Table 5:  Empirical runtime scaling of build steps in the THC-Laplace MP2 algorithm. Measured with a weighted linear 
regression model.

Method Scaling Exponent
Cholesky Pruning 2.55
THC Build 2.82
MP2 J Build 2.89
MP2 K Build 3.63∑ THC-Laplace MP2 3.27
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Basis cc-pVDZ
No. of AOs 3, 528
Parent grid size 229, 128
Pruned grid size 55, 670
Cholesky Pruning 00:37:00h
Full THC build time 03:22:00h
SOS MP2 build time 00:48:00h
THC-LT-SOS-MP2 time 04:10:00h

Figure 13:  DNA fragment with 5 base pairs that was used for testing the SOS MP2 implementation.
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7 Discussion
In the course of our benchmarks, most of our expectations were confirmed, but there were some 
points that we found worth exploring to a deeper level. We will now discuss possible limitations 
inherent in our chosen research method.

7.1 Limitations by the Test-Data
Our tests only measured errors in single-point energies. While this technique is used in many 
publications that also conduct tests of different ERI approximations6,7,83,99 other publications 
also measure energy differences between reactants and products of chemical reactions100,103. The 
approach of measuring single-point energies is useful to determine the runtime behavior of a 
method, since we can use systematically extendable systems. The reaction-based measurement, on 
the other hand, might give a more nuanced picture of the error that would occur when used in 
real-world chemical scenarios. This is mainly due to the error cancellation that might be observed 
in the relative energy calculation.

7.2 Limitations by Density Fitting
All our tests so far used the DF ERI to fit against. We decided not to use the full ERI for 
fitting, since the DF approximation is widely considered to deliver reasonable results and for 
bigger systems (which are the main target for THC based calculations) the instantiation of the 
full ERI is the exact problem we would like to avoid. Parrish, R. M.; Hohenstein, E. G.; Martínez, 
T. J.; Sherrill, C. D. 83 already showed that using LS-THC with the full ERI outperforms DF 
in terms of approximation quality by multiple orders of magnitude. We already observed during 
Section 6.1 that all our methods would converge on an error margin extremely close to the one of 
the DF approximation. Our data also shows this pattern, with the notable exception of some of 
the randomized method producing lower errors than DF in AO basis HF-JK calculations. Since 
we know all methods to be mathematically limited to the error level made by DF, we attribute 
those cases to error cancellation or noise from the randomized steps involved. Overall, this means 
that the error margins we measured should ideally be viewed not in direct comparison to the full 
ERI method, but rather in comparison to the DF error.

We wanted to quantify how much the DF fitting limited our calculations and whether the same 
trends we saw between the different systems would reappear if we used the full ERI for fitting. 
We therefore calculated all systems with less than 300 basis functions using LS-THC and CD-LS-
THC. The results are displayed in Figure 14. The biggest difference to the systems we calculated 
in Section 6.2 lies in the results of the MP2 calculation, which now outperforms DF by multiple 
orders of magnitude. This matches the observations made by the original LS-THC publication. In 
the HF-JK calculation both approximations now converge to a similar error margin. We conclude 
that the fitting against the DF ERI is the accuracy bottleneck of our THC based methods in the 
MP2 calculations. In the HF-JK calculations, the error did not substantially decrease when using 
the full ERI, which means that our method might be limited by other factors like the integration 
grid itself. We will elaborate on those shortcomings in the next section.

We also explored how much the DF limits our MP2 calculation and how much the THC can be 
improved by improving the DF fit. For this we calculated the MP2 error of benzene using different 
auxiliary basis sets with increasing size. We displayed the results in Figure 15. While the quality 
of DF approximately doubled, the THC based approximations tracked this change closely. This 
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strengthens our verdict that the THC approximation is of very high fidelity, but is only as good 
as the input used for fitting.

Figure 14:  Relative errors of LS-THC and CD-LS-THC compared against DF (dashed line) on systems with 𝑁basis ≤ 300 
using full ERI fitting.

Figure 15:  Effect of different auxiliary basis sets on MP2 approximation errors measured on Benzene (cc-pVDZ).
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7.3 Limitations of the Grid
All our tested approximation techniques rely on real-space grids to discretize the information of 
the co-density interactions. A clear trend that we saw in our comparative benchmark was that 
the choice of this grid is extremely important to the quality of the approximation as well as the 
time it can be computed in. As described by Parrish, R. M.; Hohenstein, E. G.; Martínez, T. J.; 
Sherrill, C. D. 83, the THC approximation should become exact when the grid size approaches 𝑁2basis. Unfortunately, this size would make methods like LS-THC infeasible for all but the smallest 
systems. Our tests clearly show that approximations of similar fidelity can be achieved orders of 
magnitude faster by employing clever ways to select a sub-grid.

We wanted to explore how much the chosen parent grid was limiting our calculations. We therefore 
plotted the AO and MO wavefunctions as well as their pairwise products for ethane projected 
along the bond-axis (Figure 16). We chose this molecule because the geometry was easy enough 
to visualize in a two-dimensional plot. We also added the density of the grid projected onto the 
bond-axis to the visualization. From Figure 16, it becomes quite clear that the product space 
of the molecule in the AO basis is more localized than the occupied-virtual orbital products. 
The virtual orbitals are less local and show more oscillatory behavior (they possess more nodes). 
Simultaneously we can see that the Becke grid is sampling the regions around the 𝐶𝐻3 center of 
mass the most, which likely leads to undersampling of the inter atomic and outer regions of the 
molecule. This could mean that the higher error margins observed in the MP2 calculations were 
also due to the initial Becke grid limiting the overall fidelity. A publication that acknowledges 
this problem and proposes potential solutions can be found in Parrish, R. M.; Hohenstein, E. 
G.; Martínez, T. J.; Sherrill, C. D. 99, who proposed a discrete variable scheme to achieve better 
sampling, while lowering the grid density needed.

To test this hypothesis, we added an additional hydrogen atom at the origin of the ethane system 
using PySCF’s ghost-atom feature. This added another set of grid points in the bond-region of 
the molecule. For the ghost atom we used a level 1 grid, which is one density level higher than the 
parent grid. We removed the additionally added basis functions of the ghost atom as to not skew 
our calculation by altering the co-density landscape. The resulting system is displayed in Figure 17. 
We then calculated the MP2 and HF-JK energies using LS-THC and the full-denominator MP2 
implementation and compared them to the regular ethane system. We used the full ERI for fitting, 
since using the DF ERI would add a lower bound to the quality of our approximation. From 
Table 6 we can see that the additional atom forces denser grid coverage in the bonding region, 
which decreased the error in both calculations by about one order of magnitude. This confirms 
our hypothesis that the Becke grid used in our computations might be too sparse in the relevant 
inter-atomic regions.

We also observed higher variances in the HF-JK calculations, especially when compared to DF, 
which provided very steady absolute and relative error rates. A possible explanation could also be 
provided by the more localized nature of the AO co-densities. It is easy to imagine that sampling 
with a grid that is too sparse could easily skip high-amplitude regions if they are strongly localized. 
Therefore, the initial setup of the grid in conjunction with the geometry of the systems determines if 
the grid is dense enough to capture all relevant regions. Since our grid building was only considering 
single atoms and not the whole system, we might encounter proper sampling in some cases and 
be limited by the parent grid in others yielding a higher overall variance. This effect would be 
less pronounced in densely packed systems, since the atom centered grids would overlap more and 
therefore provide a higher sampling rate per volume of space.
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Figure 16:  AO and MO wavefunctions, AO products and MO occupied-virtual orbital products for ethane for one 
spatial dimension on the bond-axis combined with a histogram of the integration grid density.

Figure 17:  AO and MO wavefunctions, AO products and MO occupied-virtual orbital products for Ethane with an 
added ghost atom for one spatial dimension on the bond-axis combined with a histogram of the integration grid density.

Table 6:  Relative errors for ethane and ethane with an added ghost hydrogen to force higher grid sampling.

System Rel. HF-JK
Error

Rel. HF-JK
Error DF

Rel. MP2
Error

Rel. MP2
Error DF

Ethane 3.815 ⋅ 10−6% 5.968 ⋅ 10−7% 1.179 ⋅ 10−6% 4.027 ⋅ 10−4%
Ethane with ghost atom 2.463 ⋅ 10−7% 5.968 ⋅ 10−7% 1.586 ⋅ 10−7% 4.027 ⋅ 10−4%

We conclude that the choice of the parent grid is just as important as the employed pruning 
strategy. Grid pruning is not a universal solution but is always limited by the informational content 
captured by the parent grid. We saw that for calculations that include virtual-orbitals, the atom 
centered integration grids we used were not optimal, as they failed to account for high-amplitude 
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components in inter-atomic regions. Parent grids that apply a higher sampling rate to regions of 
interest could yield results of even higher fidelity.

7.4 Limitations from Underlying Assumptions
The underlying assumption of THC as well as DF is that the co-density of the wavefunctions 
contains enough redundant information to be spanned by an auxiliary basis set of size ≈ 𝑐 ⋅ 𝑁basis 
where 𝑐 is a small constant. This means, that the information contained in the co-density only 
scales linearly with system size and that the interaction of the approximated co-densities are a good 
stand-in for the actual 4-center interaction. The low error rates attained by the DF approximation 
in our tests validate this assumption, as do several experiments described in the literature, which 
we discussed in Section 4.2.

Some of our methods diverged from this assumption. The non-deterministic clustering step in 
ISDF-KM for example, gives higher significance to grid points with an overall high density. We 
already explained in Section 7.3 how density is not in all cases a suitable proxy for co-density since 
it is strictly positive and carries none of the phase information (i.e., sign changes or oscillatory 
behavior). To further investigate the exact reason for the lower fidelity of the K-Means clustering, 
we plotted the relative deviation from the canonical value that all our approximations made 
(Figure 18). Ideally we would expect most of our methods to exhibit the same systematic biases 
as DF due to the fitting process. We can see this expected behavior for all methods except ISDF-
KM. It should be noted that we did not include DF-THC in Figure 18. Since it deviates from both 
the DF results and the canonical value by a much higher margin, it would have been challenging 
to visually differentiate the other methods. For ISDF-KM we can see it overestimating energies in 
the HF-JK calculation on the alkanes as well as on the fused benzene rings. This overestimation 
leads to the lower distance from the canonical value in the fused benzene systems compared to 
DF. DF seemingly underestimated the energy while ISDF-KM overshoots when approximating 
DF, leading to cancellation effects.

In order to quantify this error, we calculated the 𝐽  and 𝐾 contributions of ISDF-KM and DF 
and compared them to the canonical value (Figure 19). The method steadily overestimates the 𝐽  
(repulsion) contribution more than the 𝐾 (exchange) contribution. Since the 𝐽  term is much higher 
than 𝐾 in absolute numbers (on average by factor of 6 on our test systems), we can attribute most 
of the error to the 𝐽  term. The overestimation seems to only occur on the alkane chains and fused 
benzene rings. This overestimation is clearly related to the density based clustering, as we did not 
observe this behavior in ISDF-QR. A possible explanation could lie in the clustering oversampling 
regions near the atomic centers and in the covalent bonding regions, due to the higher electron 
density. This could lead to an over representation of these regions in the subsequent least-squares 
problem, which could bias the solution towards higher electron repulsion contributions, as they 
are more pronounced in regions with higher density. This claim might be supported by visual 
inspection comparing the pruned grids displayed in Appendix B. Overall we note that while ISDF-
KM provided the lowest fidelity results of our tested methods (except DF-THC), the absolute 
errors are still in a reasonable range and the substantially lower runtime might justify its use over 
ISDF-QR in many cases.
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Figure 18:  Energy ratios of THC approximations and DF (dashed line) to the canonical value.

Figure 19:  Energy ratios of the 𝐽  and 𝐾 contributions of ISDF-KM HF-JK compared to DF together with the 𝐽−𝐾𝐽ref−𝐾ref  
values.

More problematic than the error margins in ISDF-KM was the fidelity delivered by DF-THC. 
We clearly saw all other methods outperforming it in terms of quality by usually more than one 
order of magnitude. This confirms that the auxiliary basis functions is likely not flexible enough 
to capture the information contained in the THC center matrix. We expected this result, as it 
was already suggested in the original publication96. It should be noted that the error made by the 
approximation could still be small enough to be useful. As our test set only compared absolute 
energies, we cannot estimate the method’s fidelity when used to calculate reaction energies, where 
some error cancellation is to be expected. Therefore, DF-THC might be useful in a different context 
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than was used in our test-setup or with system sizes that are so big that the formal �혵(𝑁3) scaling 
of the method outweighs the lower fidelity compared to methods like CD-LS-THC.

7.5 Practical Considerations
In the past chapter, we mainly discussed the overall empirical runtime scaling of our methods. This 
is a very relevant metric in method development, as the goal is to develop algorithms that ideally 
can be scaled to systems exceeding 10,000 basis functions. Comparing algorithms on this basis, 
might not be ideal for most practical use cases. For all the methods presented in this thesis this 
pre-factor heavily depends on the properties of the system in question as well as on the concrete 
implementation of the algorithm. Algorithms that are highly optimized for the hardware in use 
might yield an approximation so fast that this outweighs lower fidelity. One such example is DF-
THC as discussed by Hillers-Bendtsen, A. E.; Martínez, T. J. 96. In the publication the algorithm 
was implemented on GPUs. This THC approximation is uniquely useful in this case, since it 
involves no memory expensive order-3 tensors and host-device memory transfer is often a limiting 
factor for GPU based computations. Paired with a technique to mitigate the higher error margins 
the authors could still achieve chemically accurate results for systems with many thousands of 
basis functions in matter of seconds.

This makes the quantitative comparison together with the reference implementation achieved by 
this thesis all the more relevant. It provides a starting point for future method development: A 
novel idea to compute the THC (or any other ERI approximation) can be seamlessly integrated and 
benchmarked in the existing library, reusing the fundamental testing infrastructure. This addresses 
the problem described in Section 4.9.
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8 Conclusion and Future Work
In this thesis, we described the complexity bottleneck imposed in most quantum chemistry 
calculations by the handling of Electron Repulsion Integrals. We explored the diverse landscape 
of approaches to lower this complexity by introducing approximations. We derived the need for a 
differential and fair comparison, which we implemented by developing reference implementations 
of LS-THC, CD-LS-THC, ISDF-QR, ISDF-KM and DF-THC and testing them on a unified set of 
molecular systems. This work delivers the most detailed comparison that we know of to-date. We 
observed that all methods, with the notable exception of DF-THC, could be tuned to reproduce 
Hartree-Fock electron repulsion energies as well as MP2 energy corrections with only a marginal 
error added to the one introduced by the widely-used DF approximation. While testing, we 
observed stark differences in the time needed to compute the THC matrices between the methods. 
While all methods fitting the DF ERI retain a formal �혵(𝑁4basis) scaling, there is a lot of potential for 
improvement in real-world calculations by lowering the computational pre-factor. This is achievable 
by employing sophisticated pruning strategies on the molecular integration grid in use.

In our tests, the Cholesky Decomposition based CD-LS-THC method offered an especially low 
computational pre-factor in conjunction with low error rates. When tested against PySCF’s 
implementation of DF-MP2, it achieved a runtime crossover on small systems with less than 300 basis functions which made us able to compute the MP2 energy correction for systems with 
over 3000 basis functions on a 96-core CPU. This makes us hopeful that with a more optimized 
implementation, THC based approximations will be able to compete with highly optimized DF-RI 
codes in the future. Although we might add that while all operations involved in the algorithms 
used in this work are quite simple, the sheer size of the input can make hardware usage optimization 
a difÏcult task. Therefore, future works could explore other paths of lowering the computational 
complexity further. As we did not use any sparsity considerations in our implementations, this 
would be one direction to explore. The time taken to compute the DF approximation is the lower 
bound for most of our algorithms, using a faster implementation of DF than the one provided by 
PySCF could also lower runtimes as well as using integration grids that are less dense and more 
suited for the co-density approximation.

The scope of this thesis was limited to molecular systems and the HF-JK and MP2 calculations. 
Therefore, exploring the performance of our THC implementations on periodic systems as well 
as calculations like GW and RPA124 could also be considered. Future studies should also explore 
energies along reaction pathways, to allow better judgment of the error introduced by the THC. 
We could also imagine adding more and novel approaches to compute the THC like the Block 
Tensor Decomposition (see Section 4.7). The software package presented in this work already 
contains all the basic infrastructure to compute the THC together with software modules for auto
mated benchmarking. This should considerably aid the integration of either new approximation 
approaches or new quantum chemical calculations, making method development easier and laying 
the foundation for future research projects.
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A Detailed Benchmarking Results

Figure A.1:  Performance of the LS-THC method on the test set.

Figure A.2:  Error metrics of the LS-THC method on the test set.
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Figure A.3:  Performance of the CD-LS-THC method on the test set.

Figure A.4:  Error metrics of the CD-LS-THC method on the test set.
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Figure A.5:  Performance of the ISDF-QR method on the test set.

Figure A.6:  Error metrics of the ISDF-QR method on the test set.
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Figure A.7:  Performance of the ISDF-KM method on the test set.

Figure A.8:  Error metrics of the ISDF-KM method on the test set.
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Figure A.9:  Performance of the DF-THC method on the test set.

Figure A.10:  Error metrics of the DF-THC method on the test set.
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B Grid Pruning on Different Molecules

Figure B.1:  Pruned integration grid on butane computed by CD-LS-THC.

Figure B.2:  Pruned integration grid on butane computed by ISDF-QR.
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Figure B.3:  Pruned integration grid on butane computed by ISDF-KM.

Figure B.4:  Pruned integration grid on naphthalene computed by CD-LS-THC.
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Figure B.5:  Pruned integration grid on naphthalene computed by ISDF-QR.

Figure B.6:  Pruned integration grid on naphthalene computed by ISDF-KM.
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C Used Software and Versions
All Python dependencies were installed using the uv package managerF.6 and can be downloaded 
from the PyPiF.7 Python package index. PACKMOL was downloaded from GitHub.

Table C.1:  Used software versions

Software Version

PACKMOL 20.3.5

Blender 4.5.2 LTS

duckdb 1.3.2

numba 2.2.5

numexpr 2.14.1

numpy 2.2.5

pandas 2.2.3

plotnine 0.15.0

PyMol 3.1.0

pyscf 2.9.0

pytblis 0.0.5

opt-einsum 3.4.0

rdkit 2025.3.3

scikit-learn 1.7.1

scipy 1.15.2

F.6https://docs.astral.sh/uv/
F.7https://pypi.org/
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